THE 
ASTROPHYSICAL JOURNAL 


An International Review of Spectroscopy and 
Astronomical Physics 


FOUNDED IN 1895 BY GEORGE E. HALE AND JAMES E. KEELER 


EDITORS 
Orto STRUVE S. CHANDRASEKHAR 


Managing Editor Associate Managing Editor 
Yerkes Observatory of the University of Chicago 


Paut W. MERRILL HarLow SHAPLEY 
Mount Wilson Observatory of the Harvard College Observatory 
Carnegie Institution of Washington : Cambridge, Massachusetts 
J. H. Moore 
Lick Observatory 
University of California 


With the Collaboration of American Astronomical Society 


COLLABORATING EDITORS 


S. B. NicHotson, Mount Wilson Observatory; D. B. McLauGHLIN, University of Michigan; J. A. PEARCE, 
Dominion Astrophysical Observatory, Victoria; Joe. STEBBINS, Washburn Observatory; A. N. Vys- 
sotsky, Leander McCormick Observatory; W. W. Morcan, Yerkes Observatory; Ceca H. 
PayNeE-GAPOSCHKIN, Harvard College Observatory; H. N. Russet, Princeton 
University; R. H. BAKER, University of Illinois 


VOLUME 101 


JANUARY-MAY 1945 


THE UNIVERSITY OF CHICAGO PRESS 
CHICAGO, ILLINOIS 


THE CAMBRIDGE UNIVERSITY PRESS, Lonpon 








PUBLISHED JANUARY, MARCH, MAY, 10945 


COMPOSED AND PRINTED BY THE UNIVERSITY OF CHICAGO PRESS 
CHICAGO, ILLINOIS, U.S.A. 


= 

hia 
. ee * 
ao *s'e © 
te eae 
7-7 @ we 
o . 
*. * 








CONTENTS 
NUMBER 1 
RALPH HowarD Fow er, 1889-1944. S. Chandrasekhar . 
COMPARATIVE STUDY OF THE RED AND VIOLET SYSTEMS OF CYANOGEN Banps. Arthur S. 
King and P. Swings 
REVISED STANDARDS OF COLOR INDEX FOR POLAR STARS. Frederick H. Seares and Mary C. 
Joyner 
NoTE ON DEPARTURES FROM BLACK-Bopy CONDITIONS IN STARS. Frederick H. Seares and 
Mary C. Joyner 
A STRONG INFRARED RADIATION FROM MOLECULAR NITROGEN IN THE NIGHT SKY. Joel 
Stebbins, A. E. Whitford, and P. Swings 


Srx-CoLor PHOTOMETRY OF STARS. II. Ligut-CurvVEs oF 6 CEPHEI. Joel Stebbins 
ECLIPSES OF STARS WITH THICK ATMOSPHERES. Cecilia Payne Gaposchkin and Sergei 
Gaposchkin 
SPECTROPHOTOMETRY OF MrrA CETI. Roderic M. Scott 
CoLor INDICES OF PROPER-MorIon Stars. W. J. Luyten, P. D. Jose, and J. F. Foster 
ON THE RADIATIVE EQUILIBRIUM OF A STELLAR ATMOSPHERE. V. S. Chandrasekhar 
THE EcCLIPsING VARIABLE TX UrsAE Mayjoris. W. A. Hiltner 
THE SPECTROSCOPIC ORBIT OF SVS 923 HErcULIs. Carlos U. Cesco and Jorge Sahade 
RECENT PROGRESS IN ASTROPHYSICS 
M. WALDMEIER’S WORK ON THE Corona. Armin J. Deutsch 
NOTES 
A PROPOSAL FOR THE CLASSIFICATION OF WHITE-DwarF SPECTRA. W. J. Luyten 


REVIEWS 


NUMBER 2 
ARTHUR STANLEY EppINGTON, 1882-1944. Henry Norris Russell 


A PRELIMINARY REPORT ON CHROMOSPHERIC SPICULES OF EXTREMELY SHORT LIFETIME. 
Walter Orr Roberts 


McCorMIcK PHOTOVISUAL SEQUENCES. C. A. Wirtanen and A. N. Vyssotsky 

STAR COUNTS IN THE ANDROMEDA NEBULA. Carl K. Seyfert and J. J. Nassau 

ON THE EXCITATION OF THE CORONAL LINES. Kun Huang 

THE CONTINUOUS ABSORPTION OF LIGHT BY NEGATIVE Soprum Ions. Kun Huang 

THE PERIOD-LUMINOSITY AND THE PERIOD-SPECTRUM RELATIONS OF CLUSTER-TYPE 
CEPHEIDS. Paris Pismis 

THE SPECTRUM OF W SERPENTIS. Carl August Bauer 


ili 


95 
108 
114 


131 
132 


133 


136 
141 
179 
187 
196 


204 
208 





iv CONTENTS 

SPECTROGRAPHIC OBSERVATIONS OF PECULIAR STARS. VII. P. Swings and O. Struve 
SPECTROGRAPHIC OBSERVATIONS OF THE ECLIPSING VARIABLE AB PERSEI. Otto Struve 
THE Spectroscopic OrBit oF AU Monocerotis. Jorge Sahade and Carlos U. Cesco 
THE SPECTRUM OF RZ Scutt. F. J. Neubauer and Otto Struve 


RECENT PROGRESS IN ASTROPHYSICS 


A New Tueory By C. F. vON WEIZSACKER OF THE ORIGIN OF THE PLANETARY SYS- 
TEM. G. Gamow and J. A. Hynek 

REPORTS FROM FRENCH ASTRONOMERS. Gerard P. Kuiper 

PLANETARY AND SOLAR OBSERVATIONS ON THE Pic DU MIDI IN 1941, 1942, AND 1943, 
Bernard Lyot : 

THE ACTIVITIES OF THE MEUDON OBSERVATORY SINCE “1940. L. d? haniileiie 


REVIEWS 
NoTES 
PARABOLIZING MIRRORS WITHOUT A FLAT. Frank E. Ross 


NUMBER 3 

THE USE OF INFRARED SPECTRA FOR THE DETERMINATION OF ABSOLUTE MAGNITUDES. 
P. C. Keenan and J. A. Hynek 

THE PRESENCE OF STRONG LINES OF OI IN THE INFRARED SPECTRUM OF VV CEPHEI. 

J. A. Hynek and P. C. Keenan 

THE BURRELL TELESCOPE OF THE WARNER AND SWASEY OBSERVATORY. J. J. Nassau 

THE Mirky WaAy.IN Monoceros. Bart J. Bok and Jean M. Rendall-Arons 

THE STELLAR DISTRIBUTION FOR Two SOUTHERN FIELDs. Bart J. Bok and Frances W. 
Wright 

AN INVESTIGATION ON DIFFERENTIAL GALACTIC ROTATION. Paris Pigsmis and Agustin 
Prieto 

ON THE RADIATIVE EQUILIBRIUM OF A STELLAR ATMOSPHERE. VI. C. U. Cesco, S. Chan- 
drasekhar, and J. Sahade 

ON THE RADIATIVE EQUILIBRIUM OF A STELLAR ATMOSPHERE. VII. S. Chandrasekhar 

ON THE RADIATIVE EQUILIBRIUM OF A STELLAR ATMOSPHERE. VIII. S. Chandrasekhar . 


THE WoLF-RAYET SPECTROSCOPIC BINARIES HD 186943, HD 193928, ann HD 211853. 
W. A. Hiltner 

THE SPECTROSCOPIC ORBIT OF RZ Erman. Carlos U. Cesco and Jorge Sahade 

NoTES 
SERIES LINES OF MAGNESIUM IN THE SOLAR SPECTRUM. Harold D. Babcock and Char- 


lotte E. Moore 
NOTE ON THE FUTURE Onerr OF Comet DELavan (1914V). G. Wad Niehunael 


NOTE ON THE ECLIPSING BINARY SX HypRaE. Armin J. Deutsch 
REVIEWS 


INDEX 















































January 1945 Vol. 101, No. 1 


THE ASTROPHYSICAL JOURNAL 


AN INTERNATIONAL REVIEW OF SPECTROSCOPY 
AND ASTRONOMICAL PHYSICS 





Editors 
PAUL W. MERRILL ; HARLOW SHAPLEY 
Mount Wilson Observatory of the Harvard College Observatory 
Carnegie Institution of Washington Cambridge, Massachusetts 
J. H. MOORE OTTO STRUVE 
Lick Observatory | Yerkes Observatory of the 
University of California University of Chicago 
Associate Managing Editor 


S. CHANDRASEKHAR 
Yerkes Observatory of the University of Chicago 


With the Collaboration of the American Astronomical Society 


Collaborating Editors: 
1942-44 1943-45 1944-46 

CECILIA H. PAYNE GAPOSCHKIN S. B. NICHOLSON JOEL STEBBINS 

Harvard College Observatory Mount Wilson Observatory Washburn 

D. B, MCLAUGHLIN 

H, N. RUSSELL A. N. VYSSOTSKY 

Princeton University ‘ oe Michigan Leander McCormick Observatory 
F. H. SEARES Dominion Astrophysical Observa- W. W. MORGAN 

Mount Wilson Observatory tory, Victoria Yerkes Observatory 





The Astrophysical Journal is published bimonthly by the University of Chicago at the University of 
poy hh 5750 Ellis Avenue, ay lp nt, dung July +f September, November, Or <7 March, 
— subscription price is $10.00 a year; the es tec single copies is $2.00 00. or service 
of a full year will be charged at the Bal Ca the publishers on 
oii codecs trv tes Untied States and its possessions, sage = Rrsmone 
Rica, Cuba, Dominican reblog Mexico, Morocco 

y, Peru, 


Zone), Nicaragua, 7g aa hong ay inclu Balea 
Gpenide Conay Islands: and the Spenish s in Northern Africa; Andorra SnCu ray 


ae Ba {Postage i iae Tae epic eee for Canada and Newfo 42 cents on annual 
subscriptions (total eras an 7 ae pte $2.07); for all other countries in the Postal 
Union, 96 cents on annual cipctolas a hag copies 16 cents (total $2.16), {Patrons 
are requested to make all remittances payabl ote oy oe oeene Sree, beni’ Staten cus: 
rency or its equivalent by postal or express money orders or drafts. 
The following are authorized agents pa 
For the British Empire, except bon India, and Australasia: Cambridge University 
ie Bentley House, 200 — Road, London, N.W. 1, England. Prices of yearly subscriptions and 
of single copies may be had on application. 


Claim fox aslosiag euelites dliould ibe made witht the sncnt™ folloeligg the regular ningth of publice- 
tion. The publishers expect to supply missing numbers free only when losses have been sustained in transit, 
and when the reserve stock will permit. 

Business correspondence should be addressed to The University of Chicago Press, Chicago 37, Illinois. 

Communications for the editors and man Fi ag a gh Otto Struve, Editor of Tue 
ASTROPHYSICAL JOURNAL, Yerkes Observatory, 

Line drawings and photographs should be made dso agit al naiiiid nbiee exehan co-cediasten, 
wave lengths, etc., should be included in the cuts. t will not be possible to set up such material in type. 

One copy of the corrected galley proof should be returned as soon as le to the editor, Yerkes Ob- 
servatory, hapa yas sc baemnargs Authors should take notice that the manuscript will not be sent to 
them wi proof 

The cable address is “Observatory, Williamsbay, Wisconsin.” 

The articles in this journal are indexed in the Tasernational Index to Periodicals, New York, N.Y. 

Applications for permission to quote from this journal should be addressed to The University of Chicago 
Press, and will be freely granted 


Entered as second-class matter, July st, 1040, at the Post-Offce at Chicago I, under the act of March s, 
a eore et ay york postage provided for in (Son ae ae aes Gane Neidio cies 


“ [awe] 




















Ramsey & Mus pratt, Post-office Terrace, Cambridge 


RALPH HOWARD FOWLER 
1889-1944 








THE ASTROPHYSICAL JOURNAL 


AN INTERNATIONAL REVIEW OF SPECTROSCOPY AND 
ASTRONOMICAL PHYSICS 


VOLUME 101 JANUARY 1945 NUMBER 1 


RALPH HOWARD FOWLER 
1889-1944 


In the death of Sir Ralph Fowler in Cambridge on July 28, 1944, astronomy has lost 
one of its great pioneers in theoretical astrophysics. We owe to Fowler some of the very 
fundamental ideas in modern astrophysics; and his work, characterized by a rare com- 
bination of physical insight and mathematical precision, shows what theoretical astro- 
physics at its best can be. 

Ralph Howard Fowler was born on January 17, 1889, the eldest son of Howard Fowl- 
er, of Burnham, Somerset. He was educated at Winchester (of which he later became a 
fellow) and at Trinity College, Cambridge, where he was elected to a prize fellowship for 
research in pure mathematics. 

During the war of 1914-1918 he served as a lieutenant in the Royal Marine Artillery 
and was seriously wounded at Gallipoli. Later during the war he, together with A. V. 
Hill, E. A. Milne, and W. Hartree, organized the A. A. Experimental Section of the Mu- 
nitions Inventions Department. After the war, in 1919, he returned to Trinity as a fellow 
and a member of its mathematical staff. 

In Cambridge the years following 1919 were ones of intense activity in physics conse- 
quent to the return of the late Lord Rutherford as Cavendish professor. It was natural 
that Fowler should have been drawn into this activity, and physics in the broadest sense 
was to be the central theme of his activity for the rest of his life. By his remarkable versa- 
tility and scholarship Fowler naturally became the leader of a growing school, and among 
his students and collaborators can be counted practically all the well-known names in 
theoretical or mathematical physics which have come out of Cambridge during the last 
twenty or more years. And so it was no surprise when, in 1932, Fowler was appointed to 
the newly created Plummer Chair of Mathematical Physics at Cambridge. 

In 1938 Fowler was appointed to the directorship of the National Physical Labora- 
tory, but an unexpected illness prevented his taking up this new appointment. But Cam- 
bridge was happy to reappoint him to the chair he had resigned. During the present war 
he undertook important liaison work between the wartime scientific establishments in 
Great Britain, Canada, and the United States. For this work he was created a knight in 
1942. Unfortunately, his illness returned in 1943. He could not, however, be persuaded to 
reduce his efforts, and he threw himself into further work for the Admiralty. He was at- 
tending important conferences up to within a few weeks of his death. 

Fowler’s contributions to science range over a very wide domain and include many di- 
verse fields. Here we shall be concerned with only those of his contributions which have a 
bearing on astronomy. 

In many ways it was fortunate that, when Saha’s investigations accounting for the 
principal features of stellar spectra in terms of the thermodynamic theory of ionization 
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equilibrium began to appear in the pages of the Philosophical Magazine for the years 
1920-1921, Fowler should have been occupied, in collaboration with C. G. Darwin, with 
the development of new and powerful methods for studying the properties of matter in 
equilibrium. For, the success of Saha’s work had revealed the urgency of a theory which 
will be adequate for dealing properly with the statistical mechanics of assemblies of 
atoms, atomic ions, and electrons. Fowler and Darwin had already laid the foundations 
for dealing with precisely such situations, and the complete theory of such assemblies had 
been published during the years 1922-1923. Once this theory was perfected, it was nat- 
ural that Fowler’s interest should have turned to the most spectacular field of its applica- 
tion at the time, namely, to stellar atmospheres. And so it was that the classical papers of 
Fowler and Milne on ‘The Intensities of Absorption Lines in Stellar Spectra and the 
Temperature and Pressures in the Reversing Layers’”” and “‘On the Maxima of Absorp- 
tion lines in Stellar Spectra”* came into being. The methods which were originated in 
these papers and the results to which they led have now become so much a part of our 
common knowledge that we might pause for a while to restate the basic problems as 
formulated in these papers. 

In Saha’s investigations attention was focused on the relative intensities of absorption 
lines arising from the successive stages of ionization of an atom, and this was correlated 
with the relative numbers of atoms in the various stages of ionization in the reversing 
layers. However, in attempting to deduce the temperature of the reversing layers, the 
“first” and the “‘last” (or the “‘marginal’’) appearances of a line along the spectral se- 
quence were used as the principal criteria. But, as Fowler and Milne pointed out, the use 
of this notion of marginal appearance makes the precision of the early calculations doubt- 
ful, for we do not know, a priori, how small the ‘‘very small” fraction of the atoms must 
be at marginal appearance. Among other things, this will depend on the relative abun- 
dances of the various elements giving rise to the lines. In view of these difficulties, Fowler 
and Milne start with the following assumption: ‘‘Other things being equal, the intensity 
of a given absorption line in a stellar atmosphere varies always in the same sense as the 
concentration of the atoms in the reversing layer capable of absorbing the line.”” With 
this formulation and with attention focused on the place along the spectral sequence at 
which a given line attains its maximum intensity, the vagueness associated with the con- 
cept of marginal appearance is avoided, for, on the assumption which has been made, a 
line will attain its maximum intensity when the concentration of the atoms in the particu- 
lar stage of ionization and excitation capable of absorbing the line reaches its maximum. 
Consequently, the position of the maximum will depend only on the temperature and the 
electron pressure and will be independent of the absolute abundance of the particular ele- 
ment under consideration. It is, moreover, apparent that the temperature at whicii, for a 
given electron pressure, a given line arising from a known stage of ionization and excita- 
tion will reach its maximum intensity can be readily derived from the properties of the 
equilibrium state. Thus, on this method each observed maximum of a line in the spectral 
sequence relates the temperature and the electron pressure of the reversing layer at the 
point of the sequence. This is the well-known “‘method of maxima.” A major result of this 
investigation was to reveal, for the first time, the correct order of magnitude of the elec- 
tron pressures which prevail in stellar atmospheres. 

The method of Fowler and Milne rapidly became the principal basis for analyzing 
stellar spectra in the twenties, and we can relive the enthusiasm which it inspired and the 
impetus which it gave to astrophysics during these years by reading again C. H. Payne’s 
brilliant tract on ‘‘Stellar Atmospheres.’ It is remarkable how, in spite of the enormous 


' Fowler, Phil. Mag., 45, 1, 1923, and subsequent papers. 
2 M.N., 83, 403, 1923. 
3 Tbhid., 84, 499, 1924. 4 Harvard Mono., No. 1, 1925. 
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progress which has been achieved in recent years on the mechanism of the formation of 
the absorption lines themselves, the original method of Fowler and Milne still retains its 
pre-eminence for a first analysis of complex stellar spectra; for by their simple assumption 
(though crude from a more advanced point of view) they sweep the problem of its in- 
essentials and bring into relief the basic physical factors which are in operation. 

In a later paper of considerable interest Fowler shows® that the conspicuous contrast 
between the persistence of the hydrogen lines with increasing temperature beyond the 
maximum and the very rapid decline of the metallic arc lines beyond their maxima are 
simple consequences of the basic difference between the “last spectrum” of an atom and 
the earlier ones. 

Having thus explored the applications of statistical mechanics to the problems of stel- 
lar atmospheres, Fowler next turns his attention to the more complicated problem of the 
physical state of matter in the interior of the stars. By 1924 Eddington’s investigations 
on the interior of the stars had shown that the perfect gas laws could be expected to be 
approximately valid for densities up to at least the order of 400 gm/cm# and for tem- 
peratures of the order of twenty or more millions of degrees. But the precise evaluation 
of the degree of ionization of any kind of atom at the temperatures and densities involved 
and of the distribution among the various stationary states of the atoms in the different 
stages of ionization; the specification of the pressure, density, and temperature relation- 
ship under these conditions, with a view to studying the departures from the perfect gas 
laws; and the determination of the (P, V) adiabatic curves of the stellar material—all these 
are matters which require the fullest resources of modern statistical mechanics. The prob- 
lems are not easy, particularly when allowances have to be made for ‘‘excluded volumes,”’ 
electrostatic corrections, and so forth. However, in two papers,* written in collaboration 
with E. A. Guggenheim, Fowler set down the principles of such calculation and showed 
the feasibility of the theory by making a number of model calculations. 

The investigations summarized above and a great deal more are assembled in his 
Statistical Mechanics,’ for which he was awarded the Adams Prize in 1924. 

We now come to what is perhaps the most spectacular of Fowler’s discoveries, namely, 
his recognition of the state of matter in the white-dwarf stars. This discovery, which 
must certainly be counted among the more important of the astronomical discoveries of 
our time, could not have bee made except by one whose grasp of the theories both of 
physics and of astrophysics was of the highest. But there is even more to the discovery 
than this. Dirac’s paper, which contains the derivation of what has since come to be called 
the ‘‘Fermi-Dirac distribution,” was communicated by Fowler to the Royal Society on 

August 26, 1926.5 On November 3, Fowler communicated a paper of his own’ in which the 
application of the laws of the “new quantum theory” to the statistical mechanics of as- 
semblies consisting of similar particles is systematically developed and incorporated into 
the general scheme of the Darwin-Fowler method. And by December 10 (i.e., before a 
month had elapsed) his paper entitled ‘‘Dense Matter” was read before the Royal Astro- 
nomical Society.!° In this paper Fowler drew attention to the fact that the electron gas 
in matter as dense as in the white-dwarf stars, as in the case of the companion of Sirius, 
must be degenerate in the sense of the Fermi-Dirac statistics. Thus, to Fowler belongs 
also the credit for first recognizing a field of application for the then ‘‘very new” statistics 
of Fermi and Dirac. 


5 “Notes on the Theory of Absorption Lines in Stellar Spectra,” M.N., 85, 970, 1925. 


6 “Applications of Statistical Mechanics To Determine the Properties of Matter in Stellar Interiors, 
Part I: The Mean Molecular Weight’’; Part II: ‘““The Adiabatics,” M.N., 85, 939, 961, 1925. 


7 A second edition of this book was published in 1936. It has been further translated into German. 
8 Proc. R. Soc., A, 112, 661, 1926. 
* Proc. R. Soc., A, 113, 432, 1926. 10 M.N., 87, 114, 1926. 
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In view of the importance of Fowler’s work for all discussions relating to stellar struc- 
ture, it is perhaps of interest to recall the chain of ideas which led Fowler to this dis- 
covery. 

It was known by 1924 that matter in the white-dwarf stars must exist at densities of at 
least 100,000 gm/cm*, or greater. As these stars go on radiating, they can, if anything, 
only contract still further. We would consequently expect them eventually to lose all 
power of radiating energy and fall to zero temperature. Fowler aptly describes such a 
state as belonging to the “black-dwarf stages.” In this state they must consist of matter 
at low temperature and high density. This can clearly be achieved only if the constitu- 
ents were free nuclei and free electrons forming a neutral mixture. Fowler immediately 
recognized that under these conditions matter must be degenerate, and he went on to 
show how this resolves a paradox that had been reached on the basis of classical statistics. 
The paradox was this: On the basis of classical statistics, matter in the black-dwarf stage 
would contain far less energy than the same matter expanded in the form of free com- 
plete atoms at rest at infinite separation. If such matter were removed from the interior 
of the black dwarf, it could not then resume its ordinary state. But Fowler showed that 
in the completely degenerate state the internal energy of the electron gas will all be in 
the form of zero-point energy when the pressure and the internal energy become (in the 
limit) functions of density only. He further showed that this zero-point energy is so great 
that, after allowing for the negative potential energy, the matter (if removed from the 
black dwarf and so free to expand) could reconstitute itself as an expanded gas of com- 
plete atoms at an extremely high temperature. Fowler expresses this conclusion in the 
following terms: 

The black dwarf material is best likened to a single gigantic molecule in its lowest quantum 
state. On the Fermi-Dirac statistics, its high density can be achieved in one and only one way, in 
virtue of a correspondingly great energy content. But this energy can no more be expended in 
radiation than the energy of a normal atom or molecule. The only difference between black 
dwarf matter anda normal molecule is that the molecule can exist in a free state while the black 
dwarf matter can only so exist under very high external pressure. 


And how well expressed! 

To pass from Fowler’s discovery to the modern theory of white dwarfs, only two fur- 
ther steps are needed. The first is to find the equation of state of a completely degenerate 
gas, taking into account the relativistic mass variation with velocity. The second is to 
use this equation of state in conjunction with the equation of hydrostatic equilibrium and 
derive the physical characteristics of stellar configurations in equilibrium under their 
own gravitation. There are no difficulties in carrying out these steps, and the theory of 
white-dwarf stars along these lines has been perfected and refined. But the clue to all 
this was provided by Fowler. 

Fowler’s last incursion into astrophysical problems was in 1930, when the discussion 
of composite stellar models came to the forefront. Recalling his own early studies on the 
asymptotic behavior of continuous solutions of certain differential equations of the sec- 
ond order, Fowler discussed, with a detail and with a thoroughness characteristic of him, 
the complete arrangement of the solutions of the Lane-Emden equation. While a large 
part of the discussion relating to this problem had already been made by Emden in his 
Gaskugeln, Fowler put the finishing touches and enunciated the final comprehensive the- 
orems of the subject.!'! Attention may particularly be drawn to his last paper on the sub- 
ject in the Oxford Quarterly, where a complete tabulation is made of the arrangement of 
the solutions for the various possible cases. These theorems have proved to be of the ut- 
most value in all discussions relating to composite stellar models. 

We have now surveyed Fowler’s principal contributions to theoretical astrophysics. 


“The Solutions of Emden’s and Similar Equations,”’ M.N., 91, 63, 1930, and “Further Studies on 
I-mden’s and Similar Differential Equations,” Quart. J. Math. (Oxford series), 2, 259, 1931. 
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But, as was stated at the outset, these form only a small fraction of his entire contribu- 
tion to mathematical physics. This is not the place to review these larger contributions of 
Fowler, but it may be said that in all of them he showed the same quickness of apprehen- 
sion and the same power to get abreast of the details. 

Fowler was elected to the Royal Society in 1925 and was awarded its Royal Medal in 
1936. He married Eileen, the only daughter of the late Lord Rutherford. He leaves two 
sons and two daughters. 

Fowler was big and powerful of frame and applied his strength with success to a vari- 
ety of ball games. He had claims to distinction as a cricketer, both in batting and in bowl- 
ing. He played excellent games of both lawn and real tennis. He represented Cambridge 
at golf, and he was also a rock-climber. 

We may conclude by quoting Professor E. A. Milne, who was also one of his early col- 
laborators: “Fowler was the whole man of many parts. His life was one of unsparing de- 
votion to high scientific ideals. We cannot overestimate the loss his untimely death 
means to Great Britain and to science generally.” 


S. CHANDRASEKHAR 








COMPARATIVE STUDY OF THE RED AND VIOLET 
SYSTEMS OF CYANOGEN BANDS* 


ARTHUR S. KING AND P. SwINGs 
Mount Wilson Observatory 
Received September 23, 1944 


ABSTRACT 

Comparison of bands belonging to the violet and red systems of CN showed that in emission the (1, 0) 
band \ 7873 (red system) is stronger than the (0,0) band A 3883 (violet system) at temperatures of the 
electric furnace below 2300° C. Approximate equality of the main structure of the two bands is attained 
at 2300° C; \ 3883 becomes somewhat stronger than A 7873 at 2600° C. At the high temperature, approxi- 
mately 7300° C, of the carbon arc in air, the \ 3883 band is about two hundred times stronger than the 
\ 7873 band. Self-reversal appears easily in the violet band, but not in the red. The two systems react dif- 
ferently to a change in pressure, the red system increasing in intensity more rapidly than the violet when 


the pressure increases. 

In absorption, the (0, 0) and (1, 0) bands of the red system are much weaker than the violet bands at 
any temperature of the furnace. A list of the stronger absorption lines of the \ 7873 band is given. 

The relative intensities of the two systems in emission in the electric furnace at different temperatures 
and in the arc are explained by the Boltzmann populations of the upper levels in thermodynamic equi- 
librium. These populations differ strongly because the upper electronic level, 47II, of the red system is 
much lower (e.p., 1.35 v.) than the upper level, B?Z, of the violet system (3.2 v.). From the equal in- 
tensity of the strongest lines of the two systems in emission at T = 2300° C, an approximate value of 1400 
is found for the ratio of the emission transition probabilities of the strongest violet lines to those of the 
strongest red lines. The corresponding estimated value of the ratio of the absorption transition proba- 
bilities is 87.5, explaining the weakness of the red system in absorption in the laboratory. 

These considerations show that the red bands of CN should not be expected in fluorescence in comets 
and that previous identifications must be revised accordingly. No line of the red system of CN will be 
found in interstellar absorption. The intensity of the red bands in absorption in certain carbon stars in 
which the violet bands are weak indicates that the atmospheres of these stars have much less continuous 
absorption in the red than in the violet. 


iL XPERIMENTAL 


Two groups of cyanogen bands, known as the violet and red systems, are emitted with 
high intensity in the electric furnace when nitrogen is present, provided the temperature 
is high enough to give considerable carbon vapor from the material of the graphite tube. 
The experiments to be described were undertaken for the purpose of observing any 
changes in relative intensity which might take place at different temperatures. Repre- 
sentative bands of the two systems, although differing greatly in wave length, were photo- 
graphed in close proximity on the plate by using superposed first and second orders of 
the 15-foot concave grating. These are the (0, 0) band \ 3883 and the (1, 0) band A 7873, 
degraded toward shorter and longer waves, respectively. The Eastman I-N plate, sensi- 
tive to the near infrared and also in moderate degree to the violet, gave the two bands 
with comparable intensities. 

For the earlier experiments, air at various pressures was used in the furnace chamber 
as commercial tank nitrogen was not available. Later, a tank of pure nitrogen was kindly 
furnished by the cryogenic laboratory of the California Institute of Technology, and the 
experiments were in part repeated. The pure nitrogen proved especially effective for ab- 
sorption spectra; it also eliminated oxidation of the furnace tube. 


EMISSION SPECTRUM 


Change in relative intensity with temperature-—Spectrograms were made with the fur- 
nace tube at temperatures from 1800° to 2600° C,! the pressure being near 1 cm of mer- 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 700. 


1 In the description of experiments, centigrade temperatures are given in accordance with the practice 
in previous papers on electric-furnace spectra. In the discussion the approximate values on the Kelvin 
scale are used. 
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cury and the air or nitrogen being renewed before each exposure. At the lowest tempera- 
ture, not rising above 1850° during the rather long run, the strongest lines of the \ 7873 
band (at some distance from the head) appeared faintly, while the head of \ 3883, much 
the strongest part of the violet band, did not show. At 1900°, the head and coarse struc- 
ture of \ 7873 appeared, and a faint trace of the head of \ 3883 could be seen. At 2000°, 
d 7873 was still stronger than \ 3883, but the second head of the latter band at \ 3871 
became visible. Approximate equality of the main structure of the violet and the red 
bands was attained at 2300°; \ 3883 was somewhat the stronger at 2600°. At 2600°, when 
the pressure in the furnace was reduced below 1 mm so that both bands were weak 
through lack of nitrogen, \ 3883 was clearly the stronger. 

This evidence that \ 7873 is relatively stronger than \ 3883 at low temperature is 
borne out in a striking manner by the intensities of the two bands in the carbon arc, the 
spectrum of which was photographed on each plate adjacent to the furnace spectra. The 
temperature of such an arc, burning quietly in air, was determined by Lochte-Holtgreven 
and Maecker? from the structure of the \ 3883 band to be 7300° C. Values by other au- 
thors range from 6000° to 8000° C. On our arc spectrograms, \ 3883 is immensely stronger 
than \ 7873, the first ghost of \ 3883 being comparable with the stronger portions of the 
\ 7873 band. By the method of relative exposures for equality of \ 3883 and its ghost, 


‘TABLE 1 


RELATIVE INTENSITIES AT VARIOUS TEMPERATURES 








Temp. (° C) 3883) | = 7873 
8 gk. Mere eee 1— 
1900 (furnace)............ 1— | 1 
VRC: ) i eae 1 1 
2600 (furnace)............. | ES | 1 
1 
| 
| 


pol) Se or eee | 200 





this difference appeared to be of the order of 200 to 1. Thus the high temperature of the 
arc gives a ratio of the two bands which is an extension of the intensity change observed 
in the furnace spectra. 

The possibility was considered that the large difference between furnace and arc in- 
tensities of \ 3883 might be due, at least in some degree, to the presence of absorbing 
vapor, weakening the violet more than the infrared. Opposed to this is the fact that 
\ 3883 gains relatively at higher furnace temperatures which should produce more ab- 
sorbing vapor. A further test was made by placing a carbon arc behind the furnace and 
focusing its image at the middle of the furnace tube, whence its light passed to the spec- 
trograph. The arc band \ 3883 was then photographed with the furnace cold and also 
when heated to 2600° C. No change appeared in the intensity of the band under the two 
conditions except that the band head was reversed when the furnace was heated, an 
effect due to the arc radiation, focused in the tube, acting as a very hot background ab- 
sorbed by the cooler vapor inside the furnace. 

Estimates of the relative intensities of \ 3883 and \ 7873 in emission are summarized 
in Table 1. Most of the energy of the violet system is concentrated in \ 3883, while only a 
small fraction of that in the widely distributed red system is in \ 7873. The relative in- 
tensity of the infrared system at low temperature is thus much greater than appears from 
the visual estimates. 

Relative tendency to self-reversal.—Although for temperature comparisons the pressure 
of nitrogen in the furnace was kept Jow, the effect of higher pressures was also observed. 


* Zs. f. Phys., 105, 1, 1937. 
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When a current of nitrogen was passed through the furnace tube at atmospheric pressure, 
\ 3883 showed partial self-reversal at 2400° C, the first and second heads being fully re- 
versed at 2600°. Under the same condition, not only the head of \ 7873 but also the strong 
lines throughout the band remained sharp. This difference in sensitiveness to absorption 
agrees with the behavior of the bands in actual absorption spectra, to be described later. 

Relative change in intensity with pressure.—The effects of different pressures, from 1 cm 
to atmospheric, were observed at a temperature of 2300° C. With the same exposure 
times, doubling the pressure gave an approximate doubling of the strength of \ 7873, 
while the change in \ 3883 did not exceed 25 per cent. An uncertainty in this comparison 


TABLE 2 
WAVE LENGTHS AND ABSORPTION INTENSITIES OF STRONGER 
LINES OF (1,0) BAND OF RED SYSTEM 




















A | Intensity A Intensity || r | Intensity r | Intensity 
7872.71..... 3 || 7917.74....| © Sd || 7968.51....} 20 8041.76....| 3 
Pe... .a° & Tae... 3 |}: 7970.13....) 10 8043.86....| 10 
7873.36... :| 2d? || 7920.08.... 3 | 7973.82... 2 | 8044.40....| 10 
7873.98....| 1 || 7920.23....| 3 {| 7974.70....| 15 — | 8050.09....| 4 
7874.88....| 2 | A, ee i eS Be 6 8053.09....; 10 
7875.99 2 | 7923.02.... 4d || 7978.45....| 5 8054.12..../ 10 
7877 .34 oe | 7926.31... 5 | 7979.79....| 2 8060.27.... 5 
7878.94....| 2 7927 .93....| 15 C. * .o 8062.60... 15 
7380.79....| 2 || 7929.:78....| 4 |] 7984.64.-.:| 6 |) 8064.12...|| 10 
7882.87 2 | 7933.16....] 25 || 7988.00....| 25d 8070.70....| 40d? 
7885.20 1 i} 7s oe...) 2. aa... a Pee e....) 4 
7887 . 80 4 || 7937.66... .| 5 7995.03... .| 4 |} 8074.43... .| 8 
7889 . 35 1 || 7938.66....| 4 105.42....; 3 |} 8081.55....| 4 
7890.63 4 7939.23....| 4 7999.81....| 2 || 8082.56....] 6 
7892.14 2 7942.06....| 8 8000.25....| 5 | 8085.05....} 5 
7893.74 1 7944.40....| 6 8002.41....; 8 || 8092.59....} 4d? 
7894.15 3 7946.75....| 10 3007.59....| 3 || 8093.01....| 6 
7895 . 16 1 7948.81....| 6 8008.50....} 8 | 4 10 
7895.38 1 7950.43....| 6 8010.10....| 6 || 8107.18... 5 
7897 .09 1 7951.69....| 30d oi2.03.....5 2 | 8109.90....| 2 
7898 . 39 2 7954.62... 2 8017.04....| 4 8110.05... .| 2 
7899 . 86 2 7956.73....| 10 | we.e6....1 6 i S0688....|. 2D 
7900.70 3 7957.02....| 10 || 8024.09... 3d? | 8118.73... 8 
7901 . 86 20 7958.23... 2 ] 8025.88... St ee 5 
7905.61 3 7962.62....) 15 | 8026.38... 8 || 8130.52... 6d 
7908 .67.. 6d 7963.30....| 25d || 8032.79... 3 } 8150.03....} 15 
7909.59. 25d 7965.12... 2 =|} 8034.99....] 60 8158.08... 6 
7913.77 3 7967.13... 2 ] 8040.29... 4 | 8161.45....| 20 




















is caused by the easier reversibility of \ 3883, which at pressures of 40 cm and higher af- 
fects the heads and must produce a softening of the band lines in general, However, the 
reversal of the heads is not strong at 2300°; and comparison of the bands at lower pres- 
sures makes it reasonably certain that the more rapid strengthening of \ 7873 with in- 
creasing pressure is real. 


ABSORPTION SPECTRA 


For observing the two band systems in absorption, a continuous background was pro- 
vided by a tungsten projection lamp with quadruple spiral filament, heated to approxi- 
mately 3000° C. A beam concentrated by a lens passed through the furnace tube to the 
spectrograph slit. As the exposure required to give proper density of the continuous spec- 
trum in the violet was much longer than in the infrared and as no available filter with 
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transmission in the violet would fully block out the long waves, an ordinary E 40 plate 
and a I-N plate were used together to record the two spectral regions. Successive ex- 
posures, timed for the two regions, were made with conditions in the furnace unchanged. 

With air in the furnace, experiments at different temperatures and for pressures up to 
atmospheric brought out the full structure of the \ 3883 band in absorption if the tem- 
perature was high enough to produce considerable carbon vapor; but no absorption of 
\ 7873 could be seen. The very different behavior of the two CN systems in emission and 
in absorption is radically at variance with what is commonly found for atoms, for which, 
if the continuous source is sufficiently hot, the absorption spectrum is very nearly the 
reversal of the emission spectrum at the same temperature. 

As a comparison of corresponding bands in the two systems was desirable, the spectro- 
graph was adjusted to include the (0, 0) band \ 9140 of the red system as well as the (0, 0) 
and (0, 1) bands \ 3883 and \ 4216 of the violet system, the I-Q plate being used for the 
entire range. With air in the furnace, \ 9140 could not be detected with certainty in ab- 
sorption, although traces of its strongest lines may have been present; \ 3883 was dis- 
tinct, as was also the head of \ 4216, although the violet was deficient in exposure and 
blurred by overlapping infrared continuous ground. That conditions of the experiment 
were correct for the production of infrared absorption lines was shown by the strong 
absorption of the low-temperature pairs of potassium and caesium, near \ 7873 and 
d 9140, respectively, when small amounts of the chlorides of these elements were vapor- 
ized in the furnace. 

Although these experiments with air clearly demonstrated the relative weakness of the 
red system in absorption, further experiments were made in which a stream of pure nitro- 
gen was passed through the furnace tube at atmospheric pressure. The bands at \ 9140 
and \ 7873 now appeared faintly in absorption, as did also the (2, 0) band at \ 6954. 
Their strength was still very low compared with AA 3590, 3883, and 4216 of the violet 
system, some or all of which appeared on the same spectrograms. 

The new Eastman IV-N plate gave better definition of \ 7873 in absorption. Since this 
band is likely to be the strongest of the red system accessible in stellar spectra, and there- 
fore the best for identification of CN, a list of the stronger absorption lines with their in- 
tensities is given in Table 2. These were selected from the furnace absorption spectrum, 
but, since few of them were strong enough in absorption to permit satisfactory measures, 
they were measured in the arc spectrum from iron-arc standards. Wave lengths thus ob- 
tained for a number of the best-defined lines were used as standards for check measures 
on the band lines in the emission-furnace spectrum. 


DISCUSSION 
STRUCTURE OF THE RED AND VIOLET SYSTEMS OF CN 


Certain important characteristics of the CV bands may now be summarized. The red 
system is due to a transition from the low electronic state, A*I]iny (excitation potential 
about 1.35 v.), to the ground electronic level, X*2*+. Each band is degraded to the red and 
has four heads Re, Ri, Qi, and “Ro. The (0,0) band is at \ 9140 (Rez head). On the long- 
wave-length side of (0, 0), only the (1, 1) transition at \ 9393 has been photographed. The 
violet system, which has been studied much more extensively than the red, corresponds 
to a transition from the higher state B’=*(EP, about 3.2 v.) to the ground level X?=*. 
The strong bands are degraded to the violet. 

The two systems have very different intensity distributions both among the vibration- 
al transitions and among the rotational lines of the individual bands. In the violet system 
only four sequences Av = const. are well marked: \ 3883 (Av = 0), 4 3590 (Av = +1), 
d 4216 (Av = —1), and d 4606 (Av = —2), the (0, 0) transition giving by far the strong- 
est band. The intensity distribution among the vibrational transitions is represented by 
a very narrow Franck-Condon parabola. In the red system the Franck-Condon parabola 
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is wider, and many more vibrational transitions are present than in the violet system. 
In fact, since the red system, with its (0,0) band at \ 9140, lies at the end of the ordinary 
photographic range, only the short-wave-length half of the spectrum has been observed. 
Ever this half, however, extends over a wave-number range of 12,200 cm~, while 
the observed violet system covers only 7000 cm~. These features explain why the red 
sysiem appears of much more uniform intensity than the violet system. The contrast is 
enhanced by the difference in distribution of rotational intensity. The value of r; — r;’ 
for the violet system is only —0.021 A, while for the red system it is +0.067 A. Hence, in 
the red bands the heads are nearer the origins than in the violet bands, and at the tem- 
peratures of the furnace or the arc the red bands will not show the dense crowding of 
lines at the heads characteristic of the violet bands. 


RELATIVE BEHAVIOR OF THE TWO SYSTEMS IN EMISSION 


The excitation energies 49 and the vibrational frequencies w, of the A*II and B’z 
terms are: 


For A7II, Ag=10929.3 and 10877.1cm™! ; w, = 1788.7 cm; 
For BI+, Ag=25797.8 cm“! ; we = 2164.1 cm". 


In thermodynamic equilibrium, the populations on the levels A*II, v’ = 1, and B*, v’ = 
(), are in the ratio given by the Boltzmann relation. The intensity ratio of the \ 3883 and 
\ 7873 emission bands at T = 2000° K may be designated by a; at higher temperatures 
the intensity ratio increases rapidly, reaching the value 848a at 7000° K (Table 3). Evi- 


TABLE 3 


INTENSITY RATIO OF THE VIOLET BAND A 3883 AND OF THE RED 
BAND \ 7874 AT VARIOUS TEMPERATURES 


iy Int. Ratio | T | Int. Ratio 
(in ° K) | 3883/7874 || (in ° K) | 3883/7874 
(| SE Ee, eee a Le eee 288.74 
Eo yeas <a eee 541 
pli RS: 9 L. SSeS es 848 
NR eases ear es, Cee TU Ss ociGeoerac 1188 
___. SRGR SEE Seer: 111.5 | 


dently, thermodynamic equilibrium is only an approximation, but this approximation is, 
in fact, close and suffices to explain the sharp increase of the violet system with respect 
to the red one with increasing temperature. The theoretical factor of increase in intensity 
ratio from T = 2600° K to T = 7600° K is 120, as against the estimated experimental 
value of 200. The figure 200, however, would be the theoretical factor of increase from 
T = 2430° K (or 2160° C) to T = 7600° K. The agreement between the experimental and 
the theoretical values is thus quite satisfactory. 

In computing Table 3, account has been taken of the vibrational energy of the level 
v’ = 1 of A®II, from which the \ 7873 band arises. The ratios would be higher for the 
(0,0) band \ 9140. If we designate by 8 the intensity ratio of the (1, 0) \ 7873 and the 
(0, 0) \ 9140 bands at T = 2000° K, the values at higher temperatures may again be ob- 
tained by the Boltzmann formula. They are listed in Table 4, which shows, for example, 
that the intensity ratio of the \ 3883 and \ 9140 bands increases by a factor 848 X 2.47 
= 2095 from 2000° K to 7000° K. 

The more rapid intensity strengthening with pressure of \ 7873 compared with A 3883 
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is probably an effect of the more pronounced collisional de-excitation on the high level 
By compared with the low level A*II. Similar greater de-excitation on more highly ex- 
cited levels has been studied in fluorescence phenomena. 
_ At 2600° K the relative Boltzmann populations on the levels A?II3/2, v’ = 1, and B?21,/2, 
= 0, are 2850:1, account being taken of the statistical weights. The intensities of char- 
actetiatie lines of the \ 3883 and \ 7873 bands being approximately equal at that tem- 
perature, the ratio of the emission transition probabilities,* A, and A,, of the lines con- 
sidered in the violet and red bands is approximately 2850 times the ratio of the wave 
numbers of the red and violet lines. The transition probability, A», of the violet lines is 
thus approximately 1400 times the transition probability of the red lines. 
This value 1400 may be in error by a factor possibly as high as 3, since no account has 
been taken of collisional de-excitation, reabsorption, and other sources of error. Moreover, 
since the equality of emission intensity is a simple visual estimate on spectrograms, there 


TABLE 4 


INTENSITY RATIO OF THE (1, 0) \ 7873 AND THE (0, 0) \ 9140 
BANDS AT VARIOUS TEMPERATURES 








ree | Int. Ratio Tree | Int. Ratio 

sil ila | 7874/9140 ae i 7874/9140 
TOS ets Pe nz ate | B 1 | ee hel f¢ 138 
7: ete eee Os PPG fh Gs oes os des Lda 
2600. . 1.34 lige |) ei a 2.47 
SS; Buh Ses eas SD ©: A hes ks | 28 
at ely PRE paren 1.88 


may be some error in the determination of the temperature at which the actual equality 
is reached. But it is, at any rate, certain that the violet emission bands have a much 
higher transition probability than the red bands. 


RELATIVE BEHAVIOR OF THE TWO SYSTEMS IN ABSORPTION 


From the results on the emission transition probabilities we understand readily that 
the violet system should appear much more strongly in absorption than the red system. 
In fact, we at once obtain estimates of the ratios of the absorption transition probabilities 
B, and B, and of the oscillator strengths f, and f, from the estimated ratio A,/A, as 
follows: 


B, _A» g (23 y* 


aoe me HC Sen 9 oe 1400 +)3= 87.5 
B, = 7% gy *s At ONE Re 
Jo _ Ye Be _ 4 097.5 =175 
fo ae 


With the furnace at T = 2650° K, the strongest line in the \ 7873 band is much weak- 
er than the line P(1) in the (0, 0) violet band; the ratio appears visually of the order of 
10. Theoretically, the P(1) line itself is approximately one-twelfth as strong as the strong- 
est individual features of the \ 3883 band. Hence for the ratio B,/B, we can readily ac- 
cept the value 87 obtained from A,/4,. A direct determination of B,/B, would require 
photometric measurements on the absorption spectra, which cannot be carried out at 
present. 


3 The subscripts v and r as used with the letters 4, B, f, and » refer, respectively, to the violet and red 
systems (not to vibration and rotation!). 
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a 


In comparing absorption bands of CN at different temperatures, account must evi- 
dently be taken of the population on the lower vibrational level. For example, if we desig- 
nate y as the intensity ratio of the red absorption bands \ 6355 (4, 1) and 7873 (1, 0) 
at T = 4300° K, the ratio would become 0.88 y at 3650° K and 0.74 y at 3000° K. 

It should be emphasized that the values obtained for the ratios of the transition prob- 
abilities A,/A, and B,/B, apply to the individual lines considered on the grating spectro- 
grams. These ratios corresponding to individual lines are the main factors in which as- 
tronomers are interested. But the value obtained for A,/A, should not be construed as 
meaning that the B?> — X*> electronic transition has an emission probability 1400 
times larger than the A*II — X*> transition. To obtain the value of the total electronic 
transition probabilities, account should be taken of the intensity distributions of the in- 
dividual lines within the bands, and of the bands within the systems. These rotational 
and vibrational factors are very different for the two systems, but a numerical estimate of 
the factors would require a considerable amount of calculation. A total factor of at least 
10 may be expected,‘ reducing the ratio of the electronic emission transition probabilities 
to a value much smaller than 1400. 

Evidently the high transition probability of the violet bands compared with the red 
bands explains the difference in self-reversal, which occurs easily in the violet system 
but not in the red. 

ASTROPHYSICAL APPLICATIONS 
COMETARY SPECTRA 

The intensity of the violet bands in emission in all comets has suggested to many ob- 

servers that a number of the emission features in the visual region were due to the red 


TABLE 5 
EMISSION FEATURES IN VARIOUS COMETS ATTRIBUTED TO THE RED SYSTEM OF CN 























| 
IDENTIFICATIONS PREVI- | IDENTIFICATIONS PREVI- 
OUSLY SUGGESTED WITH OUSLY SUGGESTED WITH 
Rep CN Banps Rep CN Banps 
AVERAGE COME- = Mous AVERAGE COME- apane 
iar eae PROBABLE eeticth eats PROBABLE 
“ha aaa | Lab. Intensity | IDENTIFI- eet ia Lab. Intensity | IDeNTIFI- 
gia T a - __| CATION eigen i) es _| CATION 
ransi- | Transi- | 
tion | ; tion ; 
| Flame ue | Flame eal 
charge | charge 
4839 (1-2)..... (7, 1) eo Ul ee” ee oo eer 
4937 (1-0) ee) eee eS 6279 (0)\ 8 Bie erst 
sso) 9, Fy 2 po 6289 (0){--- (9,5) j------f 2 Vv, 
<2 EE Ch oe (6,1) | 2 | 3 NH, 28 7) (4, 1) 10 | 9 NH, 
5355 (1-2)..... 2 wee & eee 6434(0)....... oe Se | 1 | NAp 
5740 (1-2) | » e | ” NH» 6474 (0) = NH:2? 
sau fo) OO) Ff lm Demers) ©? | 9% | © | wae 
5890 (0-1)..... (6,2) | 2 | 9 | NH? |] 6642(1).......1 6,3) | 4 | 9 | Nm? 
5996 (2)....... 7H). 2 | 6 | NA; | | 
| 





system. This suggestion has been made for Comets Brooks, Halley, Peltier, Finsler, Cun- 
ningham, and Whipple II. The proposed identifications were not convincing to most ob- 


4 This crude estimate is obtained by noting that the (0, 0) or (1, 0) red band does not contain more than 
20 per cent of the total intensity of all the red absorption bands with lower-level v’’ = 0, while the (0, 0) 
violet band takes most of the total intensity of all the violet transitions from v’’ = 0. Moreover, there 
are eight branches in each red band instead of two in a violet band. 
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servers, since the relative intensities of the cometary bands differed greatly from the 
laboratory intensities, sometimes even in bands having the same upper vibrational level. 
From the numerous red CN bands and the various features of cometary spectra in the 
red, we should expect a number of accidental coincidences in observed wave length, 
especially with low dispersion. The situation remained doubtful until quite recently. 

Numerous investigations published in recent years have definitely shown that the 
bands of a comet are emitted by pure resonance fluorescence excited by solar radiation. 
The fluorescence hypothesis can thus be applied to the red bands without hesitation. 
To be emitted, the red bands require the absorption of solar radiation by the CN mole- 
cules of the comet. Because of the very small absorption transition probability of the red 
bands relative to the violet, the red bands should be so extremely weak in fluorescence 
emission compared to the violet bands that their observation would be impossible. For 
this reason identifications of the red CN bands should find a place in future descriptions 
of cometary spectra only after much more careful discussion than heretofore. 

We have compiled in Table 5 the cometary emissions that have been occasionally at- 
tributed to the red system of CN. These lines do not all appear in any specific object but 
are listed together for the sake of simplicity.® Even from Table 5 the anomalous intensi- 
ties are apparent (compare, for example, the intensities of the 5, 1 and 5, 2 bands). The 
anomalies are, however, still more striking when the whole table of laboratory bands is 
considered, since many transitions that are strong in the laboratory are absent in com- 
ets. Most of the emissions of Table 5 are actually due to VH2.° 


INTERSTELLAR ABSORPTION 


W.S. Adams’ did not find any trace of interstellar lines belonging to the red CN sys- 
tem, in the region AA 6500-9000 of the star ¢ Ophiuchi, which shows relatively strong 
interstellar CN lines in the region of \ 3880. The interstellar K 1 line at \ 7699 is well seen 
on the infrared spectrograms. The absence of interstellar red CN lines is readily under- 
stood because of the small value of the transition probability. 


CARBON STARS 


The infrared CN bands have been observed by P. W. Merrill,* R. F. Sanford,’ and 
others in the carbon stars where they reach a high intensity. Cyanogen bands in the 
visual region have also been frequently observed. In certain carbon stars, such as U 
Hydrae (class N2 or C7), the infrared lines of CN are of considerable strength, while the 
violet (0, 1) band at \ 4216 is very weak or absent, although the continuous background 
near by is still strong enough to reveal absorption features.!° From the high ratio of the 
absorption transition probabilities of the violet and red systems one may conclude that 
the peculiar behavior of the CN bands in N stars is due to a large variation in general 
opacity of the stellar atmosphere between the red and the violet regions. The continuous 
absorption of the atmosphere in the red must be very small compared to that in the vio- 
let. In other carbon stars (class R or early C), red CN bands are observed, together with 
strong bands of the Av = —2, —1, 0, +1, and +2 sequences; for these stars the varia- 
tion of atmospheric opacity with wave length thus differs from that in U Hydrae. As a 


5 References for the individual objects are: Comet Brooks, W. H. Wright, Lick Obs. Bull., 7, 8, 1912; 
Comet Halley, N. T. Bobrovnikoff, Lick Obs. Pub., 17, 435, 1931; Comet Peltier, W. Baade and R. Min- 
kowski, Pub. A.S.P., 48, 277, 1936; Comet Finsler, R. Minkowski, Pub. A.S.P., 49, 276, 1937; Comets 
Cunningham and Whipple II, P. Swings, A. McKellar, and R. Minkowski, A p. J., 98, 142, 1943. 


6 Swings, McKellar, and Minkowski, loc. cit. 

7 Annual Report of the Mount Wilson Observatory for 1942-1943, p. 15. 
8 Mt. W. Contr., No. 486; Ap. J., 79, 183, 1933. 

9 Mt. W. Contr., No. 525; Ap. J., 82, 202, 1935. 


'0 Dr. R. F. Sanford, private communication. 
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rule the violet bands decrease steadily in intensity from C4 to C9, while the red bands 
remain more or less constant.'' This would mean that the continuous absorption in the 
violet increases steadily from C4 to C9 relative to its value in the red. 

The continuous absorption causing the weakening of the bands in the violet region of 
certain carbon stars is related to the steep gradients in the continuous spectrum found 
for the same stars in the short-wave-length region.!' It explains also why different CNV 
bands, appearing in different spectral regions, may reach their intensity maximum at 
different spectral types. In any discussion of the intensity behavior of molecular bands, 
stellar opacity should be considered as well as molecular abundance and population on 
the vibrational level corresponding to the band. To certain writers the behavior of CNV 
bands originating from the same lower electronic level appeared so anomalous that the 
. observational data were suspected of being erroneous.” 

Needless to say, the dispersion used in the stellar spectrograms affects the relative ease 
of detection of the red and blue bands on account of the very different intensity distribu- 
tion among the rotational lines. 


Our thanks are due to Dr. H. N. Russell, Dr. R. S. Mulliken, and Dr. R. T. Birge for 
valuable suggestions. 


PC. Keenan and W. W. Morgan, Ap. J., 94, 501, 1941. 
12 See, e.g., K. Wurm, Zs. f. Ap., 5, 260, 1932. 
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ABSTRACT 


The International standards of color index to the fifteenth magnitude have been revised by combining, 
first, the C,, and C, series of the Rome Report, giving C,; then, C, with Cy, the values from exposure ratios 
by Baade and Malmquist. The results, C’ in Table 1, column 4, were then used for a recalibration of the 
effective wave lengths of Hertzsprung, Vanderlinden, and Davidson and Martin. The supplementary data 
on colors thus obtained, together with others from the magnitudes of Ross, Armeanca, Wallenquist, and 
de Sitter, were then combined with the C’ series to obtain the adopted values, C for 141 stars, in the last 
column of Table 1. 

The system is that defined by C,, which differs but little from the original C,, system. The accidental 
errors, however, have been reduced from about +0.05 mag. (m.e.) for C,, and C, toa little less than +0.02 
mag. for the adopted colors. Comparison of C with the photoelectric C2 series of Stebbins and Whitford 
shows mean systematic differences of 0.05 mag. at the eighth and the eleventh magnitudes, parts of which, 
at least, are attributable to accidental errors. Elsewhere the systematic differences are certainly very 
small. 


I. INTRODUCTION 


The revision of the color indices of standard polar stars described in the following pages 
grew out of the need for a series of colors, freer from accidental errors than the original 
standards, to be used for a recalibration of the effective wave lengths of E. Hertzsprung 
and of H. L. Vanderlinden.” This initial requirement was met by combining the C,, and 
the C, standards of the Rome Report* with the exposure-ratio observations of Baade and 
Malmquist* and of Malmquist.® The results, denoted by C’, are collected in Table 1, col- 
umn 4. A further revision, which includes the Hertzsprung-Vanderlinden colors and other 
recent data, followed naturally. 

This second part of the discussion, which begins with Section VII, involves a combina- 
tion of the values of C’ with colors derived from the effective wave lengths of Hertz- 
sprung, Vanderlinden, and Davidson and Martin® and from the magnitudes of J. Armean- 
ca,’ F. E. Ross,* A. Wallenquist,® and A. de Sitter.!° These final results of the investiga- 
tion (C), which extend to about magnitude 15.0, photovisual, are in Table 1, column 16. 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 701. 
! Research Associate, Carnegie Institution of Washington. . 


2 The measurements of polar stars are given in Mt. W. Contr., No. 231; Ap. J., 55, 370, 1922; and in 
Etude de l’amas de Praesepe, p. 19, Gembloux, 1933, respectively. The recalibration of these two systems 
of wave lengths has already been printed in Seares and Joyner, Mt. W. Contr., No. 699; Ap. J., 100, 264, 
1944, 


* Trans. TAG. 3, 74; 1922: 
4 Hamburg Mitt., Vol. 5, No. 21, 1925. Hereafter referred to as “BM.” Includes the 1923 series, C23. 


5 Medd. Lund. Astron. Obs., Ser. Il, No. 37, 1927. Hereafter referred to as ““M.” Includes the 1924 
series, Cz4, and gives values of Cy, the weighted mean of C23 and Coq. 


6 Determinations of Effective Wavelengths of Stars, Greenwich, 1926. Under the direction of Sir Frank 
Dyson. 


7 Veréff. der Univ. Sternwarte zu Gottingen, No. 35, 1933. 

8 Ap. J., 84, 261, 1936. 

® Festskrift tillignad Osten Bergstrand, p. 39, Upsala, 1938. 

\0 Fotovisueele fotometrie van sterren tod 80 benoorden +80° declinatie, Leiden, 1936 (thesis). 
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The data, in general, are not adapted to a removal of any residual systematic errors 
in the original standards. The system, as a whole, therefore remains practically un- 
changed; but, as will appear later, the accidental errors have been much reduced—an im- 
portant gain in itself, since any future revision of the systematic characteristics of the 
standards will in consequence be greatly simplified. 


II. THE FUNDAMENTAL STANDARDS C,; 


We begin with a series of fundamental standards, C,, based on the Cm and C, values 
of the Rome Report.* Since the C;, series corresponds to the International photographic 
and photovisual magnitudes, it has generally been used as the standard of color index. 
The C, colors from exposure-ratio observations appear, however, to be of comparable 
precision. Relative to the accidental errors affecting both series, the systematic differ- 
ences between them are unimportant except in the magnitude interval 8-10, where, on 
the average, Cm — C. = —0.07 mag. Even here there is no convincing evidence that 
favors one series over the other. We therefore leave this uncertainty to future clarifica- 
tion and use, for most of the stars, 


Cr = 3(Cm + C). (1) 


These values of C,, together with their weights p,, are given in Table 1, column 6, in the 
form of deviations, C,; — C’, from the values C’ in column 4. Similar deviations, Cy, — C’ 
and C, — C’ in column 5, together with C’, reproduce the basic data Cm and C.. 

The justification for the equal weighting of Cm and C, implied by formula (1) was 
found in comparisons with the Baade-Malmquist colors (Cy, as given by Malmquist). 
The means of Cm — Cy and of C, — Cy, taken without regard to sign, proved to be sensi- 
bly equal, thus indicating at least an approximate equality in the average precision of 
Cm and of C.. For a few stars, however, the number of photovisual magnitudes (which 
indicates approximately the accuracy of C,,) differs so much from the number of exposure 
ratios that a special weighting was advisable. The procedure followed for any star may 
be found by combining the deviations in Table 1, columns 5 and 6, giving Cm — C; and 
C. — C;. Thus for H.A., Vol. 48, star 8 (NPS 11), these differences are —0.01 and +0.04 
mag.; hence the relative weights used for C,, and C, are 4 and 1, respectively. 

Incidentally, it may be noted that the comparisons with the Baade-Malmquist colors 
showed C, — Cy, to be a fourth less, on the average, than the differences Cn — Cy and 
C. — Cy, an early indication that the accidental errors affecting C;, are really less than 
those of the component series C;, and C,. This conclusion and the one as to the equality 
of precision in Cm and C, are both fully confirmed by the errors finally obtained for the 
various series (Table 8). 

The weights p, assigned to the values of C, were taken provisionally as equal to the 
sum of the number of values of Pv m and the number of exposure-ratio observations. 
These sums range from 5 to 89; but, owing to the undoubted presence of small systematic 
errors, it is doubtful if values greater than 25 have any special significance, and all such 
were arbitrarily reduced to 25 as an upper limit. 

Initially, there was no information as to the significance or the homogeneity of these 
weights. Their final adoption turns upon the discussion of the Baade-Malmquist data in 
Sections III-VI. We may note here, however, that of the 51 standards occurring in the 
BM list only 4 (H.A., Vol. 48, stars 85, 172, 283, and 439) have values of p, less than 20. 
We shall therefore be concerned with a nearly constant p,. Further, for the comparisons 
involved, it will be sufficient to use, for the weights of Cm and Ce, pm = Pe= p,/2. 

Finally, it should be remarked that the values of C,; in Table 1 for some of the brighter 
NPS stars differ from those of an earlier revision.'' These differences arise, first, from the 
restoration of C, for NPS 8, 9, and 4r, which were originally excluded, and, second, from 


1 F, H. Seares, Mt. W. Contr., No. 587, Table 1; Ap. J., 87, 259, 1938. 











22 FREDERICK H. SEARES AND MARY C. JOYNER 
the omission of certain data from the Mount Wilson polar catalogue.” The latter are 
properly excluded, since they depend only on the Cm standards. In fact, some of the cal- 
culations were made before these changes were introduced. Only 14 of the deviations in 
Table 1 were affected, however, and these have all been modified to agree with the values 
of C, given in this table. 


III. BAADE-MALMQUIST COLORS FROM EXPOSURE RATIOS 


It is necessary to discuss these observations at length, first, to check their relationship 
to the C; system, and, second, to obtain a sound basis for weighting the material used in 
the present investigation. The interrelations of the data are indicated by the schematic 
arrangement shown in (2). The values of Cy (92 stars, collected in M, Table XVI) de- 
pend on data published jointly by Baade and Malmquist in 1923 and by Malmquist alone 
in 1924. The C23 and C24 series, each based on 7 plates, comprise, in turn, component 
series, C’ and C’’, derived from short- and long-exposure “‘yellow”’ images. 








Final BM color index.............. Cy (92, M, XVI) 
| 

| | 
Series means....... Co, (92, BM, XII) Cy, (86; M, XVD 

| 

7 — a . (2) 
Component- \ ,, ! ye Om, iat 
series means{**©28 (31) Cys (92) Chu (44) Cx (86) 


emmay.. >, +91 +10.1 +7.5 +8.2 | 


The four component series were reduced separately with the aid of C, = 3(Cm + Ce) 
taken as standards—the same as those used here except that Cy, and C. were equally 
weighted for all the stars. The component-series means, C3; ....(C3;, were formed by 
weighting the individual values (a maximum of 7 per star) according to the quality of the 
images. For further combinations of the data, however, mean errors based on the devia- 
tions from the component-series means were used as a guide. The precision of the series 
and final means is also expressed by mean errors, which are connected with the original 
weights by the mean errors for unit weight given in the last line of relations (2). 

The agreement of the C23 series with the C, standards appears to be satisfactory. For 
C23, however, M, Table XV, suggests the presence of a slight color equation, similar to 
but smaller than that found by Baade and Malmquist in the first approximation for 
C23 (BM, Table IX). Although only of the order of their mean errors, these deviations 
are systematic and should be removed, since here we require the closest possible accord- 
ance with the standards. Further, the mean values of C; — C24, grouped according to 
Pv m (a test apparently not made by Malmquist), reveals an appreciable magnitude 
error in C24, fully confirmed by the differences C23 — C24 for the 41 stars for which there 
are no standard colors. The C2, series therefore requires revision. 

The weights.—Since the published mean errors for individual stars (M, Table XVI) 
usually include but a single significant figure, the weights of C23, Cos, and Cy cannot be 
exactly recovered. Moreover, the errors themselves appear to be too small. 

Evidence in support of this opinion is shown in Table 2, which gives for different mag- 
nitude groups, first, the average mean errors €23 and €9; and, then, in the fourth column, 
the corresponding average error of the difference C23; — Co, computed from e = 
0.8V e, + €,, a result to be compared with AD, the mean without regard to sign of 
actual differences. The quantities AD’ and AD’/e in the fifth and sixth columns of the 
table depend on the data in M, Tabie XVI, and hence include the errors mentioned as 
still affecting C24. The corrected ratios AD/e (found with Tables 3 and 4a, which are 


12 Seares, Ross, and Joyner, Carnegie Inst. Pub., No. 532, 1941. 
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still to be explained), however, are nearly the same as AD’/e. Since the weighted mean 
AD/e is 1.5 instead of 1.0, the published errors do not account for the actual differences. 
The explanation probably lies in the fact that the mean errors are based on deviations 
from the component-series means instead of those from the final Cy means. We therefore 
have only internal errors, which do not include the effect of the small differences between 
the component series. The progression in the ratios is an unexplained peculiarity, which, 
as will be seen later, appears to originate in Malmquist’s C2, series. 

It seems advisable, therefore, to disregard the published errors and to recombine the 
data with the aid of weights that depend only on the quality and the number of images. 
For the 1924 series these weights, p3, and 54, are easily found from M, Table XIV. 
For the 1923 observations of standard stars they are given directly, (p) in BM, Tables 
Illa, 6; for the remaining stars of this series, however, we must still rely on the published 


TABLE 2 


COMPARISON OF ERRORS, C2; AND C2 





AVERAGE € 
Pv m = e€ AD’ |. AD Je AD/e €o/7 | pee 
C23 | C2r4 

PaaS 42.3 | 42.2 | 42.6 | + 5.7 77 23° | ae | 6 
10.6 2.3 1.7 2.3 3.5 1.5 i ae ae 11 
11.5.. 2.6 2.0 2.6 4.5 1.7 4.5. ttle oe 
ee ae 3.4 re 3.5 6.2 1.8 1.4 1.3 17 
12.7. 4.4 46 | 5.1 97 1.9 470 1.4 | 18 
a 2... 5.2 74 7% 8.6 ‘3 0.73 | 0.72 11 
13.7... +6.4 | +143 | +12.6 | +10.5 0.8 0.66 | 0.76 | 10 

ee EA NUR emer memes Al NTS 2 ete eee eee 


mean errors and compute 23, the weight of C23, from e (BM, Table XII, or M, Table 
XVI) and €o, the mean error for p = 1 given in the last line of relations (2). 

With these weights, revised values of C23 and C2, may now be formed. As a precaution, 
however, the differences between the component series themselves were first scrutinized 
for systematic effects. For neither 1923 nor 1924 is there any dependence on magnitude; 
and, in the mean, we find (unit = 0.01 mag.) 


Ch, -Ci:SD = +01, AD = +46, 31 stars, ! rs 


Cy, — Cop : SD = —13, AD= +41, 44stars. 


In deriving these weighted means, the weight for each difference was found from the 
standard relation 


_ Pips 
P pit po’ 


where f; and 2 are the weights of the two C’s. 

The systematic difference of —0.01 mag. for 1924 was removed by reducing C3, to 
the zero point of Cj;. The formation of revised values of C23 and C24 then followed. The 
results, still requiring small corrections to reduce them to the C, system, are denoted by 
Ci? and C$}. Their weights, po3 and pos, are final, however (as it turns out), and are 
entered in Table 1, columns 7 and 8. 





24 FREDERICK H. SEARES AND MARY C. JOYNER 


To connect these weights with the values of p, adopted for the standards, we note that 
the weight for Cy, a final Baade-Malmquist color, is py = p23 + fos and write 


- =%, (4) 
M r 


where / is a factor that reduces the two systems of weight to homogeneity, and ey and 
e, are the average errors (0.8) of Cy, and C,, respectively. We use average errors for con- 
venience and return to the conventional mean error at the end. To proceed we require 
formulae for the errors. 


IV. EQUATIONS FOR AVERAGE ERRORS 


We introduce the notation 


mn 


& — C. = Ds,» ; ( ) 


where the systematic difference between C, and C; is supposed to be negligible and the 
mean is formed without regard to sign. The average error of C, — Cp is then simply 


€a,b =D,,». (6) 
But we also have e? ,, = e? + e?, where ea and @ are the average errors of C, and Ch, 
respectively. Writing e? = (a) and e? = (b), we obtain 
(a) + (b) = D?,. (7) 
Further, let 
3(Cz + Cp) cae Gs ’ (8) 


and denote the average error of C, by es. Then, since e? + e? = 4e?, 
(a) + (b) = 4(u) . (9) 


Finally, from formulae (7) and (9), 4(u) = D?,, whence 


Cs. = tDa,» ; (10) 


an expression for the average error of the arithmetic mean of C, and Cy. We now apply 
these general relations to the data under discussion, noting that the average error for 
any C with the subscript “s” is e, and that e? = (s). 

We have already seen that eém = ¢e, approximately; and, by equation (10), we find 
from the AD’s in relations (3), ¢23 = +2.3 and e24 = +2.0, again a close agreement. For 
our present purpose we may disregard these minor differences in precision and use for 
C, and Cy the unweighted means of their respective components. Hence, by equation 
(9), 

(m) +(e) =4(), | (11) 


(23) + (24) = 4(M). { 
We now form D,,» for the following sequence of differences 


Om — Cos ve — C23, +e oa Cos, Cs - ie Cu; Co — Cu, CG i Cu; C23 Par Cos 
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and obtain a series of equations having the form of (7), some of which involve (r) and 
(M). We eliminate these quantities by formulae (11) and find 





4(m) + 4(e) = 4D. 
(m) + (e) + 4(23) = 4D. », 
(m) + (e) + 4(24) = 4D? ,, 
(m) + (e) + (23) + (24)=4D?y } (12) 
4(m) + (23)+ (24) =4D2 y 
4(e) + (23) + (24) =4D2 
4(23) + 4(24) = 4D%, ., 


Equations (11) and (12) will be used later to obtain complete solutions for the errors. 
Now we need only formula (10), from which 


& = 3D oy = +D,,, 24 - (13) 


m,e 9 


Provisional values of these errors for use in equation (4) were found from 31 stars brighter 
than Pv m = 13.0. The results (as elsewhere, unit = 0.01 mag.), 


¢ = +i eu = 
Average weight... .p, = 24, iu = 


y 5 


Pe (14) 
J 


tN 
= 


, 


lead to f = 0.7. Formally, therefore, the precision of Cy averages a little higher than 

that of C,; and to obtain homogeneity in the two systems of weight, the values of /,; 
TABLE 3 

MAGNITUDE ERROR, Ci? 


Py m 
| 9.6 10.6 11.5 12.2 12.7 13.3 13.7 
rns ne ee | on ys st im 33 — 04 - 03 a 6 
PERS SRN 50 61 25 54 22 8 5 
TABLE 4 
COLOR EQUATION, C$) AND C$? 
| a 
| 0.2 0.4 0.6 0.8 | 1.0 1 ee | £.5 
CE hi ey, | ~ O51) — 6.6] ~.3,.6) ~ 6.8) = 0:04 ted Oia eee 
PSS ON er," | 32 48 72 29 22 28 32 12 
eee. SY aE LT | = 3.71 0:5 | — 2) — $8 ta 3.3) a 


|e ee tee ec ewes eweres a 7 42 oe | hee $3.5} 2 


should be reduced by 30 per cent. Later solutions for the errors (Table 8) all point in the 
same direction, but it is doubtful if this apparent overweighting of C;, relative to Cy is 
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real. Since the groups of stars are small, the reduction of the component series to the C, 
system tends to smooth out some of the accidental errors. Consequently, the values 


TABLE 4a 
SMOOTHED COLOR EQUATION 





| 
| 
<0.6 0.7 0.8 | 0.9 | Te ee = 1.2 a? eT 


ee RR Be ee —2 } -1 | 0 | 42 | +4 | +6 | +8 | +10 


C.—-CR.»... Uc IA ie fs as Oe A 


found for ey, are probably a little too small and those of f closer to unity than the calcula- 
tion indicates. On this account the weighting system is accepted as it stands. Further evi- 
dence on its general homogeneity is given in Section VI. 


V. COMPARISON OF C$}) anp C$? witH C; 


With the w yeighting system established, we can now determine the corrections required 
by C3} and Cj) to reduce them to the C, system. Weighted means of C, — C}}) and of C, — 
C “() * grouped “according to Pv m and to C, are collected in Tables 3 and 4. For CS} there 
is no magnitude correction, and the corresponding differences are entered at ‘once in 
Table 5, which gives all the final comparisons. The adopted color corrections in Table 4a 
correspond to the results in BM, page 143, and in M, Table XV, and are of the same gen- 
eral character as for the Baade- -Malmquist reduction. In correcting C$} it is to be noted 
that stars for which there are no standard colors do not appear in BM, Tables IIIa, }, 
but only in BM, Table XII, after correction for color. The required reduction for such 
stars is therefore the difference between the BM correction and that from Table 4a. 

The results thus found for C23 and C24, and for their weighted mean Cy, are in Table 1, 
columns 7-9. The agreement of the revised Baade-Malmquist colors with the standards is 
shown by the differences C; — Cy in Table 5 for different values of m and C. Here we 
note only that for a grouping according to py (p; is usually constant) the average dif- 
ferences Closely follow the weights. For example, 


tu > 20 | a 
AD +2.2 + 4.8 +7.8 } (15) 


| 


No. of stars 22 23 6.4 


The deviations of Cy, from the original values in M, Table XVI, rarely exceed 0.03 
mag. The largest change, —0.14 mag. for H.A., Vol. 48, star 332, illustrates the influence 
of the difference in weighting and of the magnitude correction to Co4. Malmquist’s re- 
sults are 

Cos = 0.82 + 0.05, Cu =1.01+ 002, Cy = 0.98 + 0.02. 


In the present reduction C23 remains unchanged while C24 receives magnitude and color 
corrections of —0.08 and —0.01 mag., respectively. Since data on plates and images are 
lacking for C23, the weight must be found from the mean error, +0.05. From relations 
(2) the error for unit weight is +0.092 (average); hence, po; = (9.2)?/(5)? = 3.7. The 
value of C2, is from 3 poor images, whence po, = 0.9 (M, Tables V, XIV). We therefore 
have 


C23 => 0.82 , p23 = 3.7 Co = 0.92 , pes = 0.9 ; Cin = 0.84 ) Pu = 4.6 ‘ 





A) 


l- 


od 


in 
4a 


ed 
b, 
ch 


is 
We 
if- 


03 
ice 
re- 


lor 
are 
ns 
‘he 
ore 





STANDARDS OF COLOR INDEX 27 


The exceptional disparity in the relative weights for the two reductions, the ratio po3/po. 
being 1/6 and 4/1, respectively, follows from the accidentally close agreement of results 
(for C24) from images of inferior quality. 


VI. INTERNAL AGREEMENT 


Systematic and accidental differences.—Table 5 gives weighted mean values of both 
systematic (SD) and average (AD) differences for all the combinations of data required 
for equations (12). The second series of results for C23 — C24 includes the 41 stars for 
which there are no standard colors. The differences used for individual stars may be re- 


TABLE 5 


SYSTEMATIC AND ACCIDENTAL DIFFERENCES 
(Unit, 0.01 Mag.) 


















































































































































C, m | SD | AD p No. | SD | AD | p No. | SD | AD | ~p |No.| SD AD p | No. 
Cm—Ce Cr—C23 Cr—Cu Cr—CmM 
eS SOE a el ee | Bea ——+——_—_|-—; RE ERE (Orr EN ah 2 
0.10- —1.2 | +6.9 31 § | +1.8 | +2.2 40} 5 | ~—1.7 | +4.2 42 5] +0.1 +1.9 62 5 
0.30— —-1.7 4.1 37 6} —0.6 1.4 59 7 | +1.5 3.8 54 7 | +0.4 1.9 84 7 
0.50— +0.5 4.9 79 | 13 —1.3 3.6 57 | 13 —0.2 1.7 42 | 12} —0.8 2.6 80 | 13 
0.70— +2.7 8.1 67 | 11 +1.0 4.8 29 | 11 —0.5 8.4 14 7} +0.2 $.3 36 | 11 
0.90- —4.2 ta 25 4] -—0.9 0.9 29 5 —0.9 5.0 26 4] —1.1 2.9 43 5 
1.10— +1.6 4.4 31 5 | +0.4 6.9 46 7) +0.5 2.9 35 7 | +0.2 4.8 64 7 
1.30- —1.8 | +5.7 19 5} —1.5} +1.5 15 | 3; —0.6 | +6.6 12 3 —-1.0 | +3.4 20 3 
9.0 —3.6 | +4.2 36 6 | +2.6] +3.3 48 | 6) +0.1 | +4.0 50 6] +1.2 | +2.4 73 6 
10.0 —4.9 6.4 44 7 —1.1 1.4 60 | 7 —0.2 4.6 61 7 —0.5 2.3 90 7 
11.0 +2.3 ae 19 3] —2.7 me 26 3; +0.5 2.4 25+} 3] —1.0 2.4 38 E 
12.0- +4.9 §.2 45 8 —0.7 3.8 66 | 10} —0.4 4.1 54110] —0.9 o.¢ 91 10 
12.5- —2.4 We 31 5 —0.6 3.4 28 5} +0.1 1.8 22 5 —0.4 2.8 42 5 
13.0- —3.7 5.9 28 § | —0.5 6.1 17 |} 5} —1.2 5.4 8 5] —0.5 aa 22 5 
13.5- —1.8 | +7.7 86 | 15 —-1.3 | +4.6 30 | 15 | +1.4]} +6.7 5 9} +1.2 | +4.3 33 | 15 
<13.0 —0.9 | +5.13) 175 | 29 | —0.3 | +2.82] 228 | 31 —0.1 +3.81} 212 | 31 —0.3 | +2.77| 334 | 31 
All.. —1.4 | +5.97}) 289 | 49 | —0.2 +3.20) 275 | £t |] —0.1 +3.93} 225 | 45 | —0.2 | +3.04) 389 | 51 
Cu—CmM Ce—Cm Co3—Cas C23 —C24 (All Stars) 
9.0- +0.8 | +4.6 51 6} +4.3 | +4.3 | S51} 6] —2.4 |] +5.7 | 38 6} —2.4 | +5.7 38 6 
10.0- —2.4 S.g 61 7) +2.4 2.4 61 | 7 | +0.8 5.0 | 46 7} +41.1 3.8 74 | 11 
11.0- 0.0 1.3 26 3] —2.4 3.0 26; 3] +3.1 3.1 | 19 3] +3.0 4.0 71 13 
12.0—- +1.1 3.0 58 9| —3.6 6.0 56 | 8 —0.8 | 4.4 42); 10] —1.3 4.8 61 | 17 
12.5- —2.2 Sa 32 5 | +0.6 a.8 32 5} +0.1 a0 Se 5] —0.9 6.3 42 | 18 
13.0—- —3.0 4.8 18 5 | +0.7 5.0 18 5 | —0.5 4.8 | 6 5} —0.9 Le 10 | 11 
13.5- | +0.8| 46.7] 30] 15] +1.2| +5.7] 29| 15 | —02/+84| 4] 9| -o07| +83] 4] 10 
<13.0 —0.5 | +3.81] 228 | 30] +0.1 | +3.98) 226 | 29 | —0.2 | +4.55/ 160 | 31] +0.3 | +468) 286 | 65 
All....] —0.5 | +4.17] 276 | 50 | +0.3 | +4.21| 273 | 49 | —0.2 | +4 7 170 | 45 | +0.2 —" 300 | 86 
| | | 


























covered by combining data taken from the appropriate columns of Table 1. Thus for 
H.A., Vol. 48, star 8, from columns 6 and 7, C; — Co; = +3 with weight 23 & 11/(23 + 
11) = 6.1. 

The values of SD reveal no progressive effects depending on color or magnitude and, 
since the groups of stars are small, may be regarded as mostly residual accidental error. 
The least satisfactory in this respect are the SD’s for Cm — Ce, where there is evidence of 
unusual irregularity. 

The differences C, — Cy are of special interest. They show that the Baade-Malmquist 
data have been brought into close systematic agreement with the standards. The average 
difference, including both accidentai and residual systematic errors, is + 0.030 mag. 

The comparisons at the bottom of Table 5 are included chiefly to complete the series of 
AD’s needed in the solution for the errors. On this account, results are given only for the 
grouping according to magnitude. 
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Average error for unit weight.—The values of AD in Table 5, multiplied by the square 
root of the corresponding weights, give the values of the average error for unit weight, 
collected with their weights in Table 6. With homogeneous weights and representative 
values of AD, these quantities should be sensibly equal. In spite of accidental fluctuations 
arising from the smallness of the groups, certain peculiarities are obvious. 

The last line of Table 6 shows two significant deviations from the over-all mean of 
+0.103 mag.: first, + 0.144 mag. for Cn — C.; second, + 0.076 for C, — C23. Since éo for 
C, — C24 is normal, C23 appears to be of higher precision than C24, in agreement with the 
errors shown in Table 8. Except for C;, — C., the results for stars fainter than Pv m = 
13.0 are in no wise exceptional. 

The decrease in eg with increasing m shown by both C, — C24and C23 — Co4 is another 
manifestation of the progression revealed by Table 2. Dividing the eo’s for C23 — C24 by 
7.0, the value of eo for Malmquist’s system of weights given by the last line of relations 
(2), we find the ratios in the next to the last column of Table 2. The general agreement 
with the values of AD/e in the preceding column is evident. Since the progression does not 
appear in the values of eo for C; — C23, it apparently originates in the C2, series. 

Finally, the mean éo for C23; — C24, compared with Malmquist’s average eo, gives 9.9/ 
7.0 = 1.4, in substantial agreement with the mean ratio 1.5 shown in Table 2. Thus 


TABLE 6 
éo0, AVERAGE ERROR FOR UNIT WEIGHT 
(Unit, 0.01 Mag.) 























Py m Cm—Ce Cr—Co3 | Cr—Cos | Cr—Cm Cm—Cm | Ce—CM C23 —C2 All 
9.0- | +10.1 31+ 9.3 48} 211.6 50); + 8.4 73 | 13.5 51 | 12.6 51) £14.3 38| +11.1 347 
10.0- 16.0 44 4.1 60 13.6 61 8.3 90 "15 6 61 7.1 61 9.9 74 10.3 451 
11.0— 5.2.8 7:9: ae 6.9 25 8.5 38 3.8 26 8.8 26 O:4 $4 8.1 231 
12.0— 12:3 45 9.0 66 9:3 ae 11.2 91 7.6 58 | 15.8 56 9.1 61 10.6 431 
12.5- 13:0. 31 8.1 28 3.7 22 8.1 42 8.4 32 9.4 32 9.6 42 8.8 229 
13.0- 13.7 28 be is yj 6.8 8 11,8 22 9.1 18 9.4 18 5.0 10 10.4 121 
13.5- iS £64 6.4 Bit 4.9 Si + 6.4 3S) 49.6 - S01 + 8.0 20):t 5.3 42) £0.8. 237 
<13.0 +12.5 175 | + 7.5 228 | +10.3 212 | + 9.1 334 | +10.8 228 | +11.0 226 | +10.1 286 | +10.1 1689 
All +14.4 289 | + 7.6 275 | +10.1 225 | + 9.0 389 | +10.5 276 | +10.6 273 | + 9.9 300 | +10.3 2027 























again we find that Malmquist’s mean errors are about two-thirds those indicated by the 
more extensive intercomparisons. 

Solutions for errors.—The results of several solutions for the errors affecting the differ- 
ent series are collected in Tables 7 and 8. The unweighted solution for Pv m < 13.0 was 
made as a final test of the weights before Table 5 was prepared. The weighted mean 
AD’s in this table are repeated in Table 7 as the basis for the solution of equations (11) 
and (12). 

The residuals in Table 7, columns 4, 8, and 12, all indicate that the AD’s for Cn — Ce 
and for C23; — Ce, are large, relative to the other data. Moreover, equations (13), applied 
to these differences, as shown by the first and fourth lines in the right-hand half of Table 
7, indicate that the errors for all the component series are larger than would be expected 
from the final values of e, and ey. The explanation seems to be that the values of Cm — Ce 
and of C23; — Coq still include small systematic effects which are largely eliminated when 
C, and Cy, are formed. The omission of the first and last of equations (12) gives the re- 
sults in Table 7, column 13, and in Table 8, columns 5 and 10. The errors for the Baade- 
Malmquist series are thus considerably diminished; those for the standards remain prac- 
tically unchanged. 

The second and third lines on the right of Table 8 relate to the component series. Each 
of these comparisons—for example, C3; with C, s—depends only on images from the same 
plate. If the plate errors are appreciable, the values éx3 = 2De3,23 and 24 = 2D24,24 should 
be relatively small and the residuals in columns 7 and 8 negative. The conspicuous nega- 
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tive values for C2, may, however, be related to other peculiarities found for this series. 
Incidentally, it may be noted that the relative precision for C23 and C24 indicated by 
Do3,23 and Do4,24 is reversed by the more dependable general solutions. 

In spite of the persistence of the inequalities ¢23; < e2; and ey < e, shown by the gen- 
eral solutions, it has seemed inadvisable, as already explained, to modify the system of 





Pv m<13.0 
Cunimeiiebiael Unweighted Weighted 
AD |No.| 0-C}| AD |No.| » | O-c | AD |No.| » 
(1) (2) | (3) | (4) (5) | (6) | (7) | (8) (9) (10) | (11) 
oe -|| |] | | ——_|—__|_ 
Gaels ncakccites +5.6 29 | +0.3) +5.13) 29 | 175) +0.34} +5.97| 49 | 289) 
CME 5 60, te 3.1) 31| — .3] 2.82) 31 | 228) — .54} 3.20] 51 | 275) 
Gimtie  s. 4.1] 31 | O| 3.81] ; 212) — .41) 3.93) 45 | 225) 
CaO i ke 3.2; 34 (= 1 2.77) 31 | 334 — .42) 3.04) 51 | 289} — 
Cu~Cu | 3.7| 30 | — .3} 3.81) 30 | 228) — .09| 4.17] 50 | 276 
C.—Cm. Jj 4.3) 29 | — .2) 3.98, 29 | 226; — .09} 4.21) 49 273 
C23 — Cag +4.5) 52 | +0.4| +4.68) 65 | 286) +0 = +4.76| 86 | 7 
| | 
TABLE 8 
ERRORS FOR COMPONENT AND FINAL SERIES 
(Unit, 0.01 Mag.) 
—— = | eS | a — l — — = | a — 
| Pv m<13.0 ALL STARS | Py m<13.0 
ERROR | a , | | D1IF FERENCE | | - 
| Unwtd. Wtd. | 7 Eq. 5 Eq. | | Unwtd. | Wtd. 
(1) (2) (3) (4) (5) | (6) any) | (8) 
sis een +3.40/ +3.29] +3.91] +3.82 | IY, Sas: 
aa | 4.05] 3.48] 3.95] 3.86]... ‘aa 
Pe ee Me 2.40) 2.78 2-b21 SD. p= 6.01. +0 16) +0.16 
| | j 
C23 2 19 2.35) 2 46 1 65 $ Dos, 23 — €23 +0 25) —Q 10 
C4. 3.46 3.48) I 2.82 $ Dos, 24— €04 —0 81| —1 
ec! 1.67} 1.59] 1.74 1.58 | 4D, m—ec’. —0.21 
€c/... +2.09 + 1.99) +2.18) +1.98 





TABLE 7 
AVERAGE DIFFERENCES AND RESIDUALS 








(Unit, 0.01 Mag.) 








ALL Stars, WEIGHTED 


O-Cc | 
(12) | 


O-C’ 
(13) 


+0.41) (+0. 54) 
nS ae ae 
— 4 + .@2 
43| — .13 
.26| + .02 
26) + .02 
+0.60) (+1.50) 








ALL STARS 
7 Eq. 5 Eq. 
(9) (10) 
+0. 20} +0.26 





| +030! +0.75 


| —0.22) —0.06 


weighting. The values of C, and Cy are therefore combined, in accordance with the 
weights already assigned, to obtain the revised standards C’ listed in Table 1, column 4. 
The corresponding errors, average and mean, are shown in the last two lines of Table 8. 
Tested by the differences C, — Cy, they give the residuals in columns 8-10. These small 
differences mean that the errors of C’ inferred from the average values of C, — Cy agree 
closely with those indicated by the weights of C’. The average mean error of C’ for the 
51 stars for which standard colors were available is thus +0.022 mag., a little less than 


half that affecting the Cm standards commonly used. 
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VII. SUPPLEMENTARY DATA 

Hertzsprung and Vanderlinden.—The values of C’ in Table 1 are the standards used to 
recalibrate the effective wave lengths of Hertzsprung and Vanderlinden. The colors 
found from the wave lengths with the resulting reduction formulae may now be used to 
strengthen the values of C’. The differences Cy — C’ and Cy — C’, with their weights 
taken from Tables 5 and 7 of Mt. W. Contr., No. 699? (where C’ is denoted by C), are in 
Table 1, columns 10 and 11. It is to be noted that the algebraic signs have been reversed 
and, further, as explained at the end of Section II, that a few of the standards were 
changed after the recalibration had been finished. The corrections to the values used in 
Mt. W. Contr., No. 699, are (unit = 0.01 mag.) 


ee 1 i ia a - 32 43°33 


Corr.......¢+1 -—2 -—3 +1 +1 +10 +1 +42 +1 +41 je 


Also, H.A., Vol. 48, star 127, corrected by +0.03 mag. The reduction formulae are not 
appreciably affected. The deviations in Table 1 have been modified accordingly. 


TABLE 9 


SUPPLEMENTARY DATA, ERRORS AND WEIGHTS 





Observer No. of Mean Adopted 
and Group Py m eek Stars C.=6" te € Pe Pe 
(1) (2) (3) (4) | (5) (6) (7) (8) (9) 
Armeanca 1 | 12.0-12.8 | +0.126+0.876C,| 21 | +4.7 27: | +43] 5 5.5 
2 | 12.9-13.7 | +0.092+0.896 | 22 4.7 23 42} 56 | 5.5 
3 | 13.8-14.7 | —0.017+0.974 | 22 4.9 17 4.3] 5 ‘5.5 
Ross 1| 8.6-11.0 | —0.055+1.049C,} 21 | 4.0 37 ei a2 7 
2 | 11.1-12.5 | —0.125+1.101 | 20 | 5.4 2 5.0} 4.0 | 7-1 
Davidson 1} 4.4- 6.4| +0.057+1.108Cc| 9 | 4.6 20 43| 55 | 4 
and Martin2 | 7.1— 9.2 | +0.077+1.106 | 2 a 29 6.2 2.6 3 
3| 9.6-10.6 | +0.230+0.934 9} 5.3 48 oe) sag 
4| 10.6-11.2 | +0.340+0.584 gt 40 1 ‘ser gm) 44 {-3 
| | 
Wallenquist 1 10.3-12.7 | Cw+mag. corr. 11 29 | 7 as Dae ee | | 23 10 
| 
De Sitter 1 | 4.4- 7.6 Cy+color corr. 10 3.3 28 29°} 22 12 
| | | 
Stebbins and 1| 4.4- 6.4 | —0.203+0.370C 8 1.18) | 
Whitford 2] 5.8-7.6| 0.194+0.366 8 0.79) | | 
3} 64-88] 0.19440 385 8 | 0.62 51 | 41.42 
4} 81-98] 0.201+0.390 2 |. ee ebay ten eee 
5) 91-104) 0.213+40.387 . 1 aa 
6| 9.9-11.2 | —0.235+0.404 9 | +1.62} 











* Cy indicates, in succession, the reduced values of Ca, Cr, etc. 
Note that the last group of equations reduces the adopted color C to the scale gf C2. The error ec in column 7, however, is 
on the scale of C. 


Of the 129 stars in Hertzsprung’s list, Table 1 includes 97. The remaining 32 stars 
usually have weights less than unity. Some of them have been observed by Armeanca 
(see below), but the total weight is always too small to make them useful at present. 
Vanderlinden’s 37 polar stars are all included in Table 1. 

For the further revision of the standards the several other series of results listed in 
Section I are also to be used. Regression formulae for reducing these observations to the 
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C’ system and other details are in Table 9. For each series we require for insertion. in 
Table 1 the residuals v = C’ — C,, where C, is the computed or reduced color obtained 
from the observed values, C., with the aid of a regression line of the form 


Co. = @ + 6€,.. 
In general, the observation equations used for the least-squares solutions could be as- 
signed equal weights. The average error of C, is then given by 


n__ 100 
n—-1 p 


e=r 





(unit = 0.01 mag.), (17) 


where m is the number of observation equations and the numerator 100 is the square of 
the average error for unit weight (0.10 mag.). 

Certain other data, however, have intentionally been excluded from the revision; for 
example, the colors from the Mount Wilson polar catalogue,’ because their deviations 
from C’, as is only natural, are correlated with the values of C,, — C’. Their inclusion 
would lead to a fallacious increase in weight. Again, the photoelectric C2 series of Stebbins 
and Whitford! has not been used. Here uncertain color relations and the large reduction 
factor, which averages 2.6, introduce complications. These measurements, however, pro- 
vide a valuable check on the accidental and systematic errors of some of the adopted 
colors (see Sec. VIII). 

Certain details relating to the additional data now follow. 

Colors from magnitudes by Armeanca.'—The magnitudes are from 4 photographic and 
5 photovisual plates. The 65 stars used to obtain regression formulae were divided into 
three magnitude groups, as indicated in Table 9, column 2. The regression lines in column 
3 give the mean residuals in column 5. These, together with » and p¢ from columns 4 
and 6, substituted into equation (17), give e,, in column 7, the average error of Armean- 
ca’s colors. The computed weights, column 8, are based, as usual, on an average error of 
+0.10 mag. for unit weight. The mean error corresponding to e, is eg = +0.054 mag. 
Armeanca’s own data!‘ give + 0.058 mag. Star 162 of H.A., Vol. 48, was excluded from 
the solution for group 1. Its deviation is given in Table 1, however, with a weight of 2.5, 
found from the original plate residuals. Stars 163 and 215 of H.A., Vol. 48, were added 
after the reduction formulae had been obtained. The deviations for the 68 stars are in 
Table 1, column 12. Since the weights, with the exception mentioned, are constant, the 
adopted value p, = 5.5 is omitted from the table. 

Armeanca identifies star 133 of his list with H.A., Vol. 48, star 430. The co-ordinates 
disagree, and star 430 seems not to have been observed at all. 

Colors from magnitudes by Ross.-—The photographic magnitudes are fronr 4 plates; 
the photovisual, from an average of 8. The 41 stars having values of C’ were treated in 
two magnitude groups. Stars 157, 302, and 577 of H.A., Vol. 48, subsequently given 
weight 1, were excluded in calculating the average weight p, = 4.0 for the second group. 
The mean error of a reduced color of weight 7 is €, = +0.047 mag. Ross himself gives no 
information as to precision except that the probable error of a photovisual magnitude is 
+0.02 mag. The deviations C, — C’ and their weights are in Table 1, column 13. 

It may be noted that Ross’s co-ordinates, X and Y, reduced to seconds of arc by mul- 
tiplying by 122”, are related to the x and y of H.A., Vol. 48, by the formulae 


x = Y”— 12172’, y = X”—7315° (18) 
The same formulae, divided by 300’, give the Greenwich Astrographic x and y; Ross’s 
co-ordinate system is thus rotated 90° relative to the systems of both catalogues. 


13 Mt. W. Contr., No. 586; Ap. J., 87, 237, 1938. 
14 Op. cit., p. 96. 
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Colors from Greenwich effective wave lengths by Davidson and Martin.-—The wave 
lengths for the 36 available standards were transformed into provisional color indices, 
I, by the formula 
I _ dA — 4260 (19 

Age ) 
The regression equations in Table 9 for the first two magnitude groups may be regarded 
as identical. The corresponding formula in terms of X is 


aan ss (20) 


which can be used for an approximate reduction of other stars brighter than about Pv m 
= 9.0. There is a suggestion, however, that the exact relation is not linear. The constant 
terms in the last two formulae, +0.23 and +0.34 mag., which are the values of C, for 
\ = 4260 and Pv m = 10.1 and 10.9, respectively, seem to be of the right order; in other 
words, an important change in the zero point of \ begins somewhere near Pv m = 9.0. 
Below this limit, the coefficient of 7, probably decreases, as-indicated by the third and 


TABLE 10 


DEVIATIONS FOR WALLENQUIST 
(pw = 10) 


H.A. 


; H.A 
Vol. 48 Cwa 


; H.A 
Vol. 48 


| Am Cw—C’ Cwa | Am |Cw-C’ Vol. 48 | Cwa Am | Cw—C’ 


313 +0.81} +0.03) +0.02) 419...| +0.46) —0.05; —0.02 


57....| +0.60| +0.03| +0.03| | 
67....| 1.05) — .07| — .04|| 356. 43} — .10|  .00|| 447...) 0.44) — .08! 00 
85....1 0.481 + .03} — 06] 359...| .43| — .05| + .09/| 494...| +1.02| +0.02| —0.01 


309... +0.43 eae +0.04|| 409...) +0.43) +0 o Sine | 
| | | 
Pen ONT. mol | 








fourth equations ; but the values given, particularly the last, are very uncertain. These 
two equations answer as interpolation formulae for the stars in question but should not 
be used elsewhere. The values of C, — C’ and p, are in Table 1, column 14. 

Colors from magnitudes by Wallenquist..—The results supply colors for 21 standard 
NPS stars and 18 supplementary stars, two of which, 9r and 10r, are also NPS stars. 
Only 11 of the supplementary stars occur in Table 1. The final results include data by 
other observers, but only those by Wallenquist himself, comprising 10 photographic and 
12 photovisual plates, are used here. Since the original reduction was based on the Inter- 
national magnitudes, Wallenquist’s colors are on the Cm system. The residuals for the 21 
standards are correlated with the values of C1 — C’ and hence are omitted. 

The colors for the supplementary stars show a small magnitude error. When this is re- 
moved, no further reduction is needed. Since the series is a short one, the deviations are 
given separately in Table 10, which also shows Cy,, the original color, and Am, the 
magnitude correction. The average error, + 0.021 mag., found from the mean residual, is 
certainly too small. The squares of the residuals give ey = +0.024. The corresponding 
mean error is éy = +0.030, as against + 0.032 from Wallenquist’s data.” The computed 
weight has been reduced to 10. 

Colors from magnitudes by de Sitter.°—The deviations for 10 bright NPS stars given 
separately in Table 11 are of high weight and are otherwise valuable because they are 


16 Op. cit., p. 45. 
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based on independent determinations of the magnitude scales. The values of C, are from 
the sixth column of de Sitter’s catalogue. The only change is a color correction of +0.06 
applied to star ir." 


VIII. ADOPTED COLORS C 


The supplementary data in Table 1, columns 10-14, and in Tables 10 and 11 include 
all but 6 of the 141 stars. The corresponding corrections to C’, Table 1, column 4, are in 
column 15; the adopted color indices, C, and their weights, p-, in column 16. 

The correction AC thus appears as the weighted mean of the supplementary devia- 
tions, which begin with column 10. Actually, the deviations in columns 6-8 were also in- 
cluded in the calculation in order to take account of the remainder neglected in rounding 
off C’ to the nearest 0.01 mag. 

As already explained, the few stars omitted in deriving the regression formulae are all 
given in Table 1. In general, low weight takes care of these discordances. For example, 
for H.A., Vol. 48, star 103, Cy — C’ = —0.42 mag., py = 0.91. Although large, the 
residual is only three times its mean error. Its effect on C is 0.03 mag., the same as the 
mean error of C itself; hence there is no basis for rejection. 





























TABLE 11 
DEVIATIONS FOR DE SITTER 
(pr = 12) 
ery et ¥ P ee PCr 
NPS | Gt Cu-C’ | NPS | Cy | G-c’ |} NPS | G | Ci-C’ 
Ra vianua | —0.03 | +0.04 || 4...........] +0.13 | +0.01 |] 6.......... | +0.05 | +0.01 
er ee ek eee Ba oe. 2 ey ere —0.18 | +0.01 
Pee CE Ne ey ea 0.00 | — ORG m..:... 0d Page Se 
Rin ats $0.17 | $0.01 || 5........... | —0.05 | +0.06 |) | 
Two exceptional stars require comment: first, NPS ir, for which Cy — C’ = —0.23 


mag. is five times its mean error. The observation is retained because the star, of type 
M2, appears to be slightly variable’ and a mean color index is all that we can hope for at 
present. Possibly similar is H.A., Vol. 48, star 345, also of late type. From 25 pairs of 
magnitudes and 29 exposure-ratio observations Cm — C. = +0.23 mag. The Baade- 
Malmquist results C23 and C24 agree well with C,, as does the observation by Hertz- 
sprung; but the deviation for Vanderlinden is 3.6 times its mean error, and hence, im- 
probable as an error of observation. Moreover, Armeanca also shows more discordance 
than usual—twice the mean error corresponding to the weight of the observation and 
more than twice the uncertainty indicated by the deviations of individual plates. 

In view of the weights involved, the corrections to C’ should generally be small—as, in 
fact, they are. The frequencies of the values of AC are 


AC Otiwee)....9 41 2 £¢ & 5.6 7.2.38 (21) 
No. of stars....... oo S$ 6 0 6.2 2) Oo & 2a 


The three stars with large corrections, and some others not of standard quality, appear in 
Table 1 for various reasons—a few because all the Baade-Malmquist stars, irrespective of 
their weights, have been retained. Two others, H.A., Vol. 48, stars 163 and 215, have 
been included to account for discordances between the values of C;, and C,; for these the 


16 F, H. Seares, Mt. W. Contr., No. 588, Table 1; Ap. J., 87, 280, 1938. 


17 The photoelectric measures of Stebbins and Huffer, Pub. Washburn Obs., 15, 147, 1930, star HR 
2609, indicate an irregular variation of at least 0.14 mag. 
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original photovisual magnitudes were in error. The values of C,, have therefore been ex- 
cluded. Doubtful stars are, of course, indicated by the weights in the last column of 
Table 1. 

Mean error of C from a comparison with Cz by Stebbins and Whitford.'*—The 29 stars 
having values of C2; (Polaris excluded because of its brightness and variability) were 
divided into six overlapping magnitude groups, five of 8 stars each and one of 9 stars. 
Regression lines for the reduction of C to the scale of C2 are in Table 9, column 3. The 
large average difference C2 — Cy.a for the first and the last two groups in column 5 arises 
from three discordant values of 0.03 mag. each. Since the mean difference for the other 
26 stars is only + 0.009 mag., the three abnormal differences are omitted. 

The average error of C2 — Cx, which includes the errors in both C2 and Cg, de- 
pends on the grouping. Alternative values are + 0.0102 and +0.0095 mags. For C2 the 
average error found from the individual residuals'* is + 0.0082. Combining these quan- 
tities, we find, for e., + 0.0061 and +0.0048, respectively. Reduced to the scale of C by 
the factor 2.60, mean e- equals + 0.0142 mag., which is entered in Table 9. The corre- 
sponding mean error is ¢- = +0.0175 mag. A similar calculation, based on the mean- 
square difference instead of the mean difference, gives + 0.0207 mag. The adopted result 
from the comparison with C2 is e- = +0.019 mag. 

On the other hand, the average weight of C for these stars is 51, from which we should 
expect e- = +0.0175 mag. In spite of inherent uncertainties, the comparison with the 
photoelectric data therefore gives a good general confirmation of the weighting system. 

The accidental mean error for well-determined values of C thus appears to be a little 
less than +0,.02 mag. For individual stars its value may be found by combining f¢ with 
€9 = +0.125, the mean error for unit weight. 

Systematic errors.—It must be emphasized that we have been concerned only with ac- 
cidental errors. Systematically, the values of C are no better than those of C, on which 
they are based; and, in view of some of the values of Cm — Ce, it would not be surprising 
to find that, within certain intervals of brightness, systematic corrections of a few hun- 
dredths of a magnitude are still required. The comparison with C; may be utilized to 
estimate the probable amount of these corrections. 

The changes in the coefficients of the regression lines in Table 9, column 3, are similar 
to, but less than, those given by an earlier comparison.'* It is doubtful, however, if the 
last value of 6, the coefficient of C, really differs much from the three preceding values. 
The range in C on which this value of 0 is based is only 0.6 mag.; hence the accidental 
error is relatively large. The extreme range in } therefore seems to be about 0.02; in other 
words, for the magnitude interval 5-11, the color relation of the C and C2 systems appears 
to be constant within 0.02C. Ignoring this small difference, we find for all 29 stars the 
relation 

Crea = —0.210 + 0.385C , (22) 


where Cx, is on the scale of C2. All the uncertainties are thus thrown into the absolute 
term. 

The mean systematic residuals given by formula (22) for groups of 4 or 5 stars are in 
the third (scale of C2) and fourth (scale of C) columns of Table 12. Only those for groups 
4 and 7, which suggest a maximum systematic error of 0.05 mag., need give us any con- 
cern. These residuals, however, may not be due entirely to systematic error in C, since 
they include several contributory uncertainties: (1) The slight change in the color system 
with magnitude. (2) Deviations of the true relation C. = f(C) from the linear form (22). 
(3) Differences in space absorption; the color excess affecting the polar stars!® varies from 


18 F, H. Seares, Mt. W. Contr., No. 587, eqs. (5); Ap. J., 87, 257, 1938. 
19 Seares and Joyner, Mt. W. Contr., No. 684; Ap. J., 98, 261, 1943. 
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star to star, and, since there are probably deviations from the \~! absorption law,”° the 
true coefficient of C presumably depends to some extent on the color excess. (4) Acci- 
dental errors in the mean values of both C2 and C. Expressed as a mean error on the scale 
of C, the uncertainty in the residuals of Table 12 from this source alone may amount to 
0.02-0.03 mag. On the other hand, the smooth progression in the residuals indicates a 
systematic change in the zero point of C, relative to C2, that is real, although not neces- 


TABLE 12 


SYSTEMATIC DIFFERENCE, C:— Crea 
(Unit, 0.01 Mag.) 





























eg a 
Group Pv m | — —_ No. Group Py m — “5 No. 
cee. 4.45.6 | —0.3| -0.8| 4]| 6............ 9.8-10.4| -0.5| -1.3] 4 
: 5.8-6.4 | 404/410] 4] 7............ 10.5-11.2 | -1.9| -4.9] 5 
3. 6.4-7.6 | +1.1 | +2.9 | 4 || ~ —— —— 
Bex. cuswubiie S.-88 | $191 O81 4 Total: 2s [nvcrenke, See Ler 29 
:, 91-98 | 40.3 | +0.8| 4 | | | 
| | | | 











sarily due wholly to observational errors. The maximum systematic error in C is uncer- 
tain, but the evidence suggests something less than the maximum residual of 0.05 mag. 

There remains only a final remark as to the relation of the adopted colors to the Inter- 
national magnitudes. In general, there is, of course, no longer agreement between C and 
Pg m — Pv m, and the acceptance of C implies the acceptance of errors in one or both of 
the magnitudes. An exact apportionment of the discrepancy is impossible; but in most 
cases, Certainly, an improvement in respect to accidental errors will be obtained by dis- 
tributing the differences C — Cm between Pg m and Pv m in accordance with the respec- 
tive numbers of observations on which each of these magnitudes is based. These numbers 
are given in the Rome Report® along with the magnitudes themselves. 


20 Stebbins and Whitford, Mt. W. Contr. No. 680; Ap. J., 98, 29, 1943. 








NOTE ON DEPARTURES FROM BLACK-BODY CONDITIONS IN STARS* 
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ABSTRACT 

The relation between the International colors, C, for stars and the C2 colors of Stebbins and Whitford 
is sensibly linear. The corresponding relation for black-body radiators is definitely nonlinear. This differ- 
ence in behavior originates in departures from black-body conditions in the stars, in which line and hydro- 
gen-continuum absorption play the important part. Allowance for the differential effect between the C 
and C2 systems accounts for the discrepancy of 400° K between the corresponding color temperatures 
for KO stars found in Mt. W. Contr. No. 685. 


- 


The revision of the color indices of standard polar stars given in the preceding Mount 
Wilson Contribution, No. 701,’ includes a comparison of the resulting values of C with 
the photoelectric C2 series of Stebbins and Whitford,* which fixed the probable limits 
of systematic and accidental error. This comparison also has a bearing on the charac- 
teristics of stellar radiation; these implications we consider briefly here. 

The exact relation of Cz to C is undoubtedly complicated. Nevertheless, the coeffi- 
cients of linear regression lines for overlapping magnitude-groups of stars showed so little 
variation as to suggest the use of a single formula. We were thus led to the linear equa- 
tion 


C,= —0.210+0.385C, (1) 


which does, in fact, represent the two series of colors within rather narrow limits of 
error.* 

The upper part of Figure 1 illustrates the results for the 30 NPS stars for which 
values of C2 are available (Pv m limit, 11.2). It appears at once that much of the scatter 
originates in two slightly discordant groups of 4 and 5 stars in the magnitude intervals 
8.1-8.8 and 10.5-11.2, respectively, whose deviations do not appreciably affect the linear 
character of the relationship. There are no other important magnitude effects; and even 
Polaris, which, because of its brightness and variability, was not included in the solution 
for equation (1), is not so discordant as might have been expected. 

With allowance for the systematic deviations of the two groups mentioned, the fit of 
the linear formula is surprisingly close. The corresponding relation for black-body radia- 
tors, on the other hand, is definitely nonlinear. A comparison of the theoretical colors, 
based on the effective wave lengths for the C and C2 systems, appears in the last column 
of Table 3 of Contribution No. 685.° The deviations from a linear formula are systematic, 
with an amplitude of about 0.10 mag. on the scale of C for the ordinary range in stellar 
temperatures. Since systematic deviations of this amount are above the limit of any un- 
certainty revealed by Figure 1, we infer that departures from black-body conditions in 
the stars have neutralized the curvature that should otherwise appear. The numerical 
relations, more conveniently arranged, are also given here in Table 1. 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 702. 
! Research Associate, Carnegie Institution of Washington. 

2 Ap. J., 101, 15, 1945. 

3 Mt. W. Contr., No. 586; Ap. J., 87, 237, 1938. 

4 Mt. W. Contr., No. 701; Ap. J., 101, 15, 1945, Tables 9 and 12. 

5 Seares and Joyner, Ap. J., 98, 302, 1943. 
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The black-body data (symbols in bold-faced type) in the second and third columns 
are from the table cited. The values of C (tabulated as C,, where s indicates silvered 
mirrors), which refer to the conditions of observation for the International System, have 
been used unchanged. For C2 the original data refer to silvered mirrors and zero air 
mass, whereas the C2 observations were made with aluminized mirrors and still include the 
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Fic. 1.—Above: Plot of revised standard color indices, C, against C2, the photoelectric colors of 
Stebbins and Whitford. Crosses and circles indicate slightly discordant groups of stars at magnitudes 
8.1-8.8 and 10.5-11.2, respectively. The line represents equation (1). 

Below: The linear equation (1) and the theoretical relation between C and C2 for black-body radia- 
tors. The short dotted line (lower left) shows the effect on C of departures from black-body conditions in 
stars of HD type A3, for which the hydrogen-continuum absorption is near its maximum. 

Lower right: Part of the spectrum-color relation (International System) showing the deformation of 
the curve produced by hydrogen absorption. Figures indicate the number of values of C included in 
each point. 


TABLE 1 
COMPARISON OF BLACK-BODY AND OBSERVED COLORS 
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T C2 | Co—C*| C-C]| T C2 C2—C: | C-C 

te C2 | Cc Ce 
17,000°K..} —0.224 | —0.227 | —0.296 —6.9*| +18*]| 6,000°K..} +0.561 | +0.028 | +0.006| -—2.2| +6 
13.900)... = .422 194 259 6.5 17 || 5,000... 0.800 | 108 098 | —1.0] +1 
11,000 000 | 154 210 5.6 15 || 4,000.... 1.141 | 230 .229 —0.1 0 
9,000... + .152 106 151 4.5 12 | 3,500... £371 | 316 318 | +0.2 —1 
7,000.... | +0.386 | —0.031 | —0.061 —3.0] + 8 |} 3,000... +1.660 | +0.431 | +0.429 —0.2 0 

! | 


* Unit, 0.01 mag. 
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differential extinction at the altitude of the pole at Mount Wilson that arises from dif- 
ferences in stellar temperature. 

Accidentally, it happens that the two corrections required to reduce C2 to compara- 
bility with C2 cancel each other. For example, the zenith effect of differential extinction 
on C, for the temperature interval 4,000°-11,000° K, given in Contribution No. 685,° 
Table 6, is 0.011 mag. At the pole (air mass 1.79) the corresponding value is 0.020 mag., 
exactly the same as the reduction from silver to aluminum mirror surfaces, in Table 4, 
column 10. Since the corrections enter with opposite signs, the tabular values of C2 need 
only a zero-point change to make them comparable with C2. The required correction, 
— 0.154 mag., has already been applied to the values in Table 1. 

For the argument C in the second column of Table 1 the linear formula (1) gives the 
reduced values (scale of C2) in the fourth column. The corresponding differences (unit 
0.01 mag.) between “observed” and black-body colors, on the scales of Cz and C, are 
in the last two columns of this table. The lower left part of Figure 1 illustrates the results. 

For C > 1.0 mag. the relation of C to Cz is identical with the linear relation (1), but 
for smaller values of C a progressive departure from black-body colors makes its appear- 
ance. Since the “blue’’ region for C extends much farther into the ultra-violet than that 
for C2, the line and hydrogen-continuum absorption, to which the departures probably 
are largely due, operates more effectively on C than on C;. Both are increased by the 
absorption, but C out of proportion to C2, with the result that C shifts from the black- 
body curve to a point on or near the line defined by formula (1). 

The hydrogen absorption is at a maximum near type A3, for which normally C = 
—0.02 mag. But, owing to color excess, which for the brighter polar stars averages 
about 0.10 mag., the corresponding C in Table 1 and Figure 1 would be +0.08 mag.; 
whence, for type A3, C — C = +0.16 mag. Since the hydrogen-continuum absorption 
has little influence on C2, it should be the dominant factor in producing deviations from 
black-body colors for early A stars. We should therefore expect at least an approximate 
quantitative agreement with the deformation of the spectrum-color relation which is a 
conspicuous feature of the curve for the early A’s. The relevant portion of the curve is 
reproduced in the lower right part of Figure 1 from Figure 4 of Contribution No. 684.° 
The amount of the deformation depends slightly on the poorly determined limits within 
which the absorption is active; but 0.12 mag. apparently would be a safe minimum. 
The agreement is, therefore, satisfactory. 

In view of these circumstances, the linear relationship of C to C2 appears only as an 
accident, and it may be doubted if it applies to B stars, of which the present list includes 
but one, variously classified as B8 or B9. In fact, the bluest stars of the list suggest the 
beginning of a divergence from the linear relation which is to be expected as the con- 
tinuum absorption fades out toward the earlier B types. 

The departure from black-body conditions illustrated by Figure 1 is a differential 
effect for the C and the C2 systems of color. As such, it has an important bearing on the 
color temperatures derived in Contribution No. 685. With a temperature of 11,000° K for 
type AS, it was found that C for KO indicated a color temperature of 4150°, whereas C2 
for the same type gave 3750°. The difference of 400° was finally attributed to an influence 
of the kind now under discussion. 

The data in Table 1 permit a numerical test. We correct the value of C for A5 stars 
by —0.15 and then change the zero point of C by +0.15 in order that the temperature 
for A5 may still be 11,000°, or, what amounts to the same thing, simply increase C for KO 
by 0.15 mag. On reinterpolating from the black-body relation connecting C and c2/T, 
we then find for this type T = 3760°. The difference of 400° is thus reduced to 10°—a 
quantity of no consequence, since each of the temperatures has a mean error of 60°-80°. 
The numerical evidence therefore confirms the conclusion of Contribution No. 685 and, 
incidentally, illustrates the sensitiveness of color temperatures to spectral peculiarities. 


6 Seares and Joyner, Ap. J., 98, 261, 1943. 

















ABSTRACT 


A new infrared radiation has been detected in the night sky, which is far more intense than the ordi- 
nary persistent aurora giving the green line at 5577 A. Measured with a photocell and filters, the wave 


length of the new radiation is 10,440 + 25 A. 


This night-sky radiation is identified with the (0, 0) band of the first positive group B*II — A*> of 
N2. The absence of other V2 bands suggests that emission of the (0, 0) band involves conversion of the 


energy of dissociation D(N2) into excitation in a three-body collision: 


N+N+N—-N2 +N 


Since D(N2) is a little larger than the excitation energy of B*II, v’ = 0, but smaller than B*II, v’ = 1, 
only the bands arising from B*II, v’ = 0, would be excited; and of the latter, only (0, 0) is observable. 
This mechanism implies the presence of a large number of nitrogen atoms in the high atmosphere. It 
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can be effective only with the value 7.38v. of D(N.) advocated by Herzberg and Sponer. 


In the year 1940 a program of measures of stars and nebulae in different spectral re- 
gions was begun by Stebbins and Whitford. With a photoelectric cell and suitable filters 
it was possible to isolate six regions ranging from 3530 A to 10,300 A. The observations 
were made with the 60-inch and 100-inch reflectors; and for measures of large objects, 
like the nebulae, the photometer was equipped with focal diaphragms up to 19 mm in 
diameter, giving an angular field of 8'6 on the 60-inch and 5/1 on the 100-inch reflector. 


LE 1 
COMPARISON OF STAR AND SKY 











TABI 
on Ultraviolet] Violet 
Filter 03530 4220 
Deflection, star....... 8 8 
Deflection, sky....... 8 5 
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Green Red Infrared 

45700 47190 410,300 A 
8 8 8 mm 
8 13 112 mm 











2 On leave at Massachusetts Institute of Technology. 


On the very first exposure to a nebula, M 31, through an infrared filter giving an effec- 
tive wave length of 10,300 A, the galvanometer deflection was unexpectedly large. A 
check exposure to neighboring blank sky, to determine the background effect, promptly 
showed that there was a strong infrared radiation in the night sky which would have to 
be eliminated from any measures of objects of low surface brightness, like the nebulae. 
This elimination of the sky background is readily accomplished by sliding the photometer 
on the telescope from object to blank sky and then back to object, this being the regular 
observing procedure for nebulae and clusters and for faint stars where with even the 
smallest practical diaphragm the relative sky effect is appreciable. 

As a sample of the relative effects between a star and the sky, we have the data in 
Table 1. A star of type dF7 was selected as giving roughly the same deflection for each 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 703. 
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spectral region with the cell and filters used. The infrared radiation is obviously much 
brighter than any other part of the spectrum, including the persistent auroral line at 
5577 A, for which we have never found any effect. With allowance for the continuous sky 
spectrum, the infrared radiation is probably scores of times—perhaps even a hundred 
times—as strong as the line in the green. At first we thought that the infrared effect 
was caused by the line at 8600 A discovered by V. M. Slipher,* but it soon became evi- 
dent that this assumption could not be true. An inspection of the curves for these filters‘ 
shows that the response at 8600 A should be greater for the red than for the infrared 
filter and that, while the increased sky deflection for the red may be caused by the line 
at 8600 A, the main source must be farther out, probably near 10,000 A, where it would 
be between the strong water-vapor absorption bands p and ®, roughly at 9500 A and 
11,300 A, respectively. The decreasing sensitivity of the photocell makes improbable 
anything beyond 11,500 A. 

That the new radiation must be atmospheric was shown by its variation with the 
zenith distance, by its usual decrease through the night, and by its irregular variability 
from night to night and from season to season. Most of the measures were made with the 
60-inch reflector incidentally to observations of stars and nebulae, for it never seemed 
worth while to devote the time of a large reflector to work which could be done with 
any {:5 condensing lens or even by pointing the photometer directly at the sky. But, 
despite the fragmentary character of our data (only three or four measures per night), a 
rough impression of the changes in this radiation could be formed. The brightness is 
greatest immediately after twilight, when, under standard conditions, an exposure to 
the sky near the pole with a 12-mm focal diaphragm on the 60-inch gives a galvanome- 
ter deflection of 100-150 mm. In general, this intensity decreases through the night 
until the deflection is, say, 70-100 mm before dawn. 

During the night the telescope is being pointed to all parts of the sky; and the meas- 
urements show that the infrared intensity varies with the zenith distance. The intensity 
probably varies in proportion to sec 2; but because of erratic changes in intensity this 
law could be more easily tested with a smaller telescope. Measures should be made at 
widely different zenith distances at intervals of time not greater than a minute and 
should be carried to near the horizon in order to estimate the height of the emitting 
layer above the earth’s surface. All this sounds simple enough; but with the 60-inch the 
program on stars and nebulae includes measures in six colors, and the sky background 
must be eliminated in all six. There are also further complications when the moon is 
above the horizon. At that time the sky is bluer, as shown by the increased intensity in 
the ultraviolet, with progressively less change toward the infrared. 

One night we had occasion to test the infrared sky during the approach of dawn. 
With the telescope pointed at the zenith, the galvanometer deflections increased in 20 
minutes from 70 mm to a sharp maximum of 94 mm and then decreased to 66 mm by 20 
minutes later. The maximum occurred within one minute of the computed time for the 
sun 18° below the horizon. This dependence of the infrared upon the incidence of solar 
radiation in the upper atmosphere should, of course, be investigated near both sunrise 
and sunset. 

Renewed interest was awakened on July 20, 1944, when the infrared sky was found 
unexpectedly to be of nearly twice its ordinary brightness and to be fluctuating by 10 or 
15 per cent within 10 minutes. Near midnight the deflections were up to about 200 mm, 
then dropped back to 100 mm before dawn. We seemed to be witnessing an infrared au- 
roral display, but there was no disturbance of the magnetometer at Mount Wilson that 
night. By two nights later the deflections were back to normal or below; on a night in 

3 M.N., 93, 666, 1933. In a private communication Dr. Slipher states that he has detected other radia- 
tions near 10,000 A, but he has not determined the wave lengths. Whether or not his spectrograms extend 
out to 10,450 A is not clear; possibly they do. 


4 Stebbins and Whitford, Mt. W. Contr., No. 680, p. 4; Ap. J., 98, 23, 1943. 
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September, however, the deflections got up to 250 mm without minute-to-minute fluc- 
tuations. 

In the course of a discussion of these outbursts in the night sky P. Swings suggested 
that the radiation was undoubtedly molecular in origin and very likely could be traced 
to the (0, 0) band of nitrogen at about 10,450 A. With this suggestion as a guide, it was 
proposed to determine the wave length in some way with the photocell and a suitable 
filter, since a photograph of the sky spectrum at 10,450 A would require an extremely 
long exposure. For the Schott filter UG6, 2 mm thick, the following transmissions are 
given by the maker (reflections neglected): 


ae O01 11,508A......... 0.79 
i , a Ree 0.92 
10,500........... 0.59 


One piece of this filter should absorb all wave lengths shorter than 8500 A; then, if the 
sky radiation is confined to a band near 10,000 A, each additional piece would transmit 
the same fraction of the light incident upon that piece. 

Measures of the sky were obtained on several nights, giving the respective transmis- 
sion ratios, two filters to one and three filters to one: 


(2) /(1) = 0.565 + 0.007 (p.e.), (a) 

(3) /(1) = 0.348+ 0.005 , (bd) 
and, dividing (d) by (a), 

(3) /(2) = 0.616+0.012. (c) 


With only four filters available it was not convenient to measure (c) directly, but from 
the difference between (a) and (c) we conclude that there must be some radiation in 
addition to a narrow band. If the extra light is of longer wave length than the assumed 


TABLE 2 
CALIBRATION OF FILTERS 











10,336 A 10,407 A 10,478 A 
Observed (2) <5. h.ocis oe | 0.508+0.024 | 0.564+0.010 | 0.589+0.020 
Obeerved (5) /02) sce css cscs | 0.264+0.000 0.318+0.011 | 0.361+0.012 
Computed (3)/(2)............. | 0.520+0.025 | 0.564+0.022 | 0.614+0.029 





band, the correct ratio is less than (a); but if the extra light is of shorter wave length, 
the correct ratio is greater than (c). Anything but a monochromatic source in the region 
considered will give a higher ratio for each added filter. Still more pieces of the same fil- 
ter, or, better yet, another filter with a transmission gradient of opposite sign, would 
settle the matter; but these were not available. 

The average transmission-curves given by the maker cannot be relied upon for differ- 
ent melts of the same glass; hence we undertook the calibration of the UG6 filters. Our 
pieces were all cut from the same 2-inch square. A most convenient monochromator was 
found to be the 150-foot tower telescope, with the normal solar spectrum from a 75-foot 
grating. A visual setting at 5168 A in the second order gave 10,336 A in the first order; 
with a dispersion of 0.71 A/mm, other settings were made by moving the photometer 
along the spectrum. The mean results for each combination of filters for three regions 
at intervals of 10 cm are in Table 2. The differences between (2)/(1) and (3)/(2) are 
now within the accidental errors, showing that there was no scattered light and that the 
measured spectral regions were effectively pure. 
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To utilize all the data, including some additional measures at wave lengths other than 
those of Table 2, two linear equations were derived expressing the ratios as functions of 
the wave length. The ratios from the sky, (2)/(1) = 0.565 and (3)/(1) = 0.348, were 
then substituted in these equations to get the respective wave lengths. The details are 
not important because of the systematic difference between the two results. We find: 





Peo (20/0)... ..206.. 10,427 A 
She) ) 10,452 
i Oe ae ... 10,440+ 25A 


We see no better procedure than to take the mean of the two values and to estimate the 
probable error to be of the same order of magnitude as the difference between them. Al- 
though the resulting wave length could be improved by further measures with other 
filters, it should, even under present conditions, compare favorably with anything that 
could possibly be obtained so far out in the infrared with a spectrograph and the present 
photographic plates. 


SPECTROSCOPIC COMMENTS 
IDENTIFICATION 


The only possibilities that suggest themselves for identification of a night-sky emis- 
sion near \ 10440 are: (a) the forbidden 2D—2p multiplet of NV 1; (0) the (0, 0) band 
of the B*II— A*> (first positive) group of Ne. 


FORBIDDEN LINES OF NI 


Most observers agree that the doublet near \ 5200 is absent from the night sky, as 
should be expected from the transition probabilities in Table 3. They also agree that 


TABLE 3 


LINES OF [N 1] 


S—9B ek oss \ 5197.8, EP 2.4 volts, trans. prob. 0.000021 
| \ 5200.1, EP 2.4 volts, trans. prob. 0.000014 

A a sie es | d 3466.4, EP 3.6 volts, trans. prob. 0.0094 

0 A an rae \ 10407 .3, EP 3.6 volts, trans. prob. 0.21 


d 10397.8, EP 3.6 volts, trans. prob. 0.25 


\ 3466 is likewise absent from, or hardly visible in, the night sky, although it appears in 
the spectrum of diffuse aurorae. The strongest [N 1] lines should be AX 10407.3-10397.8, 
with mean wave length d 10402.7. The emission at \ 10403 has the same upper level 
as \ 3466; hence the intensity ratio of \ 10403 to \ 3466 should be that of the transi- 
tion probabilities (0.21 + 0.25):0.0094 or 49:1. Aithough » 10403 should thus be 
the strongest [NV 1] emission, it would not be able to give rise to the intense night-sky 
emission observed, since \ 3466 is either absent or hardly visible. It should be noted 
that a line fifty times the intensity of \ 3466 would still be weak, compared to the 
green or red [O 1] lines; and the green line is not detected by the photoelectric measure- 
ments. Hence it is safe to conclude that a [N 1] emission cannot be a major contributor 
to the night-sky emission near \ 10440. Moreover, the wave length observed for the 
maximum intensity of the night-sky emission is found to be definitely longer than the 
[NV 1] line, and the difference in wave length appears greater than would be due to the 
experimental error. 
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On the other hand, since \ 3466 is observed in certain types of aurora, a reinforce- 
ment of infrared night-sky emission in an aurora may possibly be due, at least partly, 
to the contribution of \ 10403 [NV 1]. In such a case a shift of the intensity maximum 
toward the shorter wave lengths should be observed. 


(0, 0) BAND OF THE FIRST POSITIVE GROUP OF NITROGEN 


a) Wave length—tThe (0, 0) band has been examined by A. H. Poetker® and by A. A. 
Frost and O. Oldenberg.® A thermopile with a prism spectrometer gave a maximum at 
1.042 u; with a grating, four peaks were recorded between 1.035 uw and 1.046 yu, the two 
strongest being at 1.041 w and 1.043 yu. Individual lines were observed photographically 
but could not be measured accurately. 

Frost and Oldenberg include a reproduction of part of the (0, 0) band taken with a 
21-foot grating in the first order, on which many individual lines are resolved; but they 
give no analysis of the band. 

From the well-measured N2 bands of the visual region,’ we may attempt to compute 
the intensity maximum of the (0, 0) band. But this is difficult and uncertain, especially 
since we ignore the temperature in the atmospheric regions where the infrared night-sky 
emission occurs. An estimated value of the wave length of the maximum is \ 10450. At 
any rate, the N2 emission should be of wave length longer than the [N 1] line. The agree- 
ment in wave length between the observed night-sky emission and the (0, 0) band of 
Nz» is quite satisfactory. 

b) Intensity —The (0, 0) band is by far the strongest transition in the Av = 0 sequence 
and certainly one of the strongest bands of the whole first positive group.® 

Yet, if we attribute the intense night-sky emission to the (0, 0) band, other transitions 
should be observable with fair intensity if the relative intensities were at all similar to 
those found in such laboratory sources as a discharge in gas. Several emissions observed 
in the night-sky spectrum in the region from \ 5000 to 4 6000 have been tentatively 
attributed to bands of the first positive group. But all these emissions are extremely 
weak, and many of the identifications are even very doubtful. 

No appreciable emission is observed, photoelectrically, in the night sky at d 8910, 
which is the maximum of the (1, 0) transition; this fact shows that very few N2 mole- 
cules are actually brought to the level v’ = 1 of B®II. 

Hence the identification of the night-sky emission with the N2 band requires a 
mechanism enhancing the (0, 0) band relative to the other vibrational transitions. 

c) Suggested excitation mechanism.—The value generally accepted for the heat of 
dissociation of N2, D(N2) = 7.383v.,° is based on a discussion of predissociation phe- 
nomena. Recently A. G. Gaydon!® has advocated a higher value D(N2) = 9.764v. In 
this discussion we shall adopt the value D(V2) = 7.383v. given by Herzberg. Actually, 
the excitation mechanism suggested for the (0, 0) band depends entirely on the cor- 
rectness of this value. 

The value 7.38v. agrees almost exactly with that of the v’ = 0 level of-the B*II, elec- 
tronic state (which is the upper state of the first positive group, B*II, — A*2{f). In 
fact, the heat of dissociation of V2 is just a little higher than B*II, v’ = 0, but lower than 
Bll, v’ = 1 (Fig. 1). 

5 Phys. Rev., 30, 812, 1928. 

5 Phys. Rev., 48, 66, 1935. 

7 For a list of these bands see, for example, Pearse and Gaydon, The Identification of Molecular Spectra 
(London, 1941), p. 137. 

8 The absence of the NV. band in absorption in the solar spectrum is due to the high energy of 6.1v. of 
the lower level A%z. 

9 G. Herzberg and H. Sponer, Zs. f. Phys. Chem., B, 26, 1, 1934. 
10 Nature, 153, 407, 1944. 
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Let us suppose that, during the day, N2 molecules or other compounds containing V 
atoms are dissociated into N atoms by absorption of far-ultraviolet solar radiation. 
These N atoms will tend to recombine in the course of the night. This will happen 
mainly in three-body collisions, so that the conservation of energy and momentum may 
be fulfilled. Since V2 molecules constitute a major constituent of the atmosphere at any 
altitude, the participating third body will, in general, be an N2 molecule. When the 
energy of dissociation of 7.38v. liberated in the recombination N + JN is transferred to 
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Fic. 1.—Energy-level diagram of N»2 


the third body (N2), it will be able to excite the latter into the level v’ = 0 of B®II. 
Only if some additional kinetic energy is available will »’ = 1 or higher vibrational levels 
of B*II become populated by this process; but the high velocity required for the NV 
atoms or N2 molecules will be extremely infrequent even in the relatively warm regions 
of the upper atmosphere. Hence we should expect only the bands arising from v’ = 0 to 
be intense if the suggested mechanism operates. Next in intensity to the (0, 0) transi- 
tion is (0, 1) at 12,253 A, but this would not appear in the photoelectric measurements. 
The third band (0, 2) at \ 14790 would not appear either. 

The suggested mechanism of recombination at night of the N atoms liberated by 
molecular photodissociation during the day is very similar to the mechanism suggested 
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by S. Chapman" for the [O 1] lines. Chapman suggests that the [O1] emission in the 
night sky is due, at least partly, to the recombination of O atoms formed by dissociation 
of O», during the day. Solar energy would be stored up during the day in the form of free 
atoms and released in the course of the night. Numerous other suggestions have been 
made to explain the [O 1| and other night-sky emissions. Among the latest is the mutual 
neutralization of Ot and O7~ ions on impact,'” 


O+ +0-—Orxe + Orx¢ , 


an electron leaking across from the negative ion and occupying a vacant level in the 
positive ion. 

As far as the “nonpolar” part of the night-sky emission is concerned, the observations 
are well explained by Chapman’s mechanism.'* The mechanism suggested here is some 
analogue for nitrogen of Chapman’s hypothesis concerning oxygen. Evidently, a general 
decrease in the intensity of the infrared emission in the course of the night is readily 
understood in the recombination hypothesis. 

It is at present impossible to predict the range in wave length covered by a N2 band 
emitted in the upper atmosphere according to the mechanism suggested here, but evi- 
dently the emitted radiation is not monochromatic. It is therefore not surprising that 
the observed ratios (a) and (c) mentioned on page 41 are slightly different. 

d) Objections to the mechanism of nitrogen recombination.—The photodissociation"‘ of 
N» differs from that of O:. In fact, the difficulty of photodissociating V2 molecules is 
the main reason why it has usually been assumed that atomic nitrogen, if present at all 
in the upper atmosphere, must be there only in very small amounts. On the contrary, at 
great heights in the atmosphere (above 100 km) most of the oxygen is supposed to be in 
the atomic form. 

The question of the photodissociation of N2 has recently been discussed by Ta-You 
Wu,” who concludes that photodissociation of Ne should be appreciable in the region 
\ < 500 A, not yet explored in the laboratory. Modern evidence" points to the fact 
that the sun radiates much more energy in the far ultraviolet than would a black body 
at 6000° K, so that radiation would still be plentiful beyond \ 500 A. But, according to 
Dr. G. Herzberg,'® there is actually no need for radiation of wave length shorter than 
\ 500 to produce a dissociation of nitrogen. It is very likely that M2 molecules can be 
predissociated by radiation of wave length shorter than approximately 1400 A. Dr. Herz- 
berg states that the higher vibrational levels of the A*’2{ state can almost certainly pre- 
dissociate into two normal WN atoms. Although the transition probability from the ground 
state to the A®Y} state is small, it would suffice to produce a considerable dissociation 
of N»2 molecules in the upper atmosphere. 

Another objection to the presence of atomic nitrogen in the atmosphere is the ab- 
sence of strong [N 1] emission in the night sky. Of course, to obtain a [N 1] emission, 


1 Phil, Mag., 23, 657, 1937. 

12H. S. W. Massey and D. R. Bates, Reports on Progress in Physics, 9, 72, 1943. Incidentally, the 
mechanism suggested for [O 1] by Massey and Bates would not be applicable to a [NV 1] emission, on ac- 
count of the small electron affinity of the V atoms. For other suggestions see Ta-You Wu, Phys. Rev., 
66, 65, 1944. 


13C. T. Elvey, Rev. Mod. Phys., 14, 141, 1942. 


14 Evidently, NV atoms may be formed by photodissociation of molecules other than N2, such as VO. 
But such a process is not likely to give rise to a high abundance of N atoms. 


'* A, Hunter, Reports on Progress in Physics, 9, 5, 1943. 


16 Private communication. The authors wish to thank Dr. Herzberg for his helpful comments. 
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appropriate excitation mechanism of sufficient efficiency must exist for the NV atoms. If 
our suggested mechanism 


N+N+N2>N2+N3"° 
is correct, it would deplete considerably the less efficient recombination process 
N+N+N- N+ N™ 


and would be much more frequent than any other excitation mechanism for N tr. 

Wu’s discussion shows that, by supposing an appreciable abundance of free N atoms 
in the upper atmosphere, several important observations can be explained. It is possible, 
in this way, to reconcile the theoretical and observed densities in the E and F layers; to 
understand the observed recombination coefficients of electrons in these same E and F 
layers; and to explain the presence of Nj and N2 bands in high aurorae. We should add 
that numerous reactions between N atoms and oxygen or oxides of nitrogen may be 
of interest for the physics of the upper atmosphere. 

e) Remarks.— 

1. After emission of the first positive group, the N2 molecules are left on the metas- 
table level A*2*, from which part of them will fall down toward the ground electronic 
level x'2*+ with emission of the forbidden Vegard-Kaplan bands. 

2. The Nz molecules on the metastable level A*=*+ have been invoked on numerous 
occasions to explain the excitation of the [O 1] lines, the peculiar behavior of the red 
lines of [O 1] at twilight and in certain types of aurora, etc. Many of these attempts have 
lost their significance following investigation and discussion by Chapman, Gotz, Nico- 
let, and others. But some of them may still be reconsidered in the light of the present 
result, since the population on the A*Z, v = 0 level must be appreciable. 

3. Since the mechanism of emission suggested here seems to be the only one suffi- 
ciently plausible to explain the intense night-sky emission near \ 10440, it may be con- 
sidered as an argument in favor of the value D(N2) = 7.38 volts. 


We are indebted to Mr. John Whittlesey for assistance in the observations for this 
paper. The investigation has been supported in part by grants from the Alumni Research 
Fund of the University of Wisconsin and from the Observatory Council of the California 
Institute of Technology. 
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ABSTRACT 


Light-curves of the variable star 6 Cephei have been obtained in six colors, ranging from the ultra- 
violet, 3530 A, to the infrared, 10,300 A. These curves are all smooth, without secondary fluctuations, and 
are repeated accurately over years at a time. The amplitude of variation ranges from 148 in the ultra- 
violet to 043 in the infrared, the ratio of these extremes being 1.48/0.43 = 3.4. The period of variation 
has not shortened so much as was predicted from earlier observations. The times of maximum and mini- 
mum light are progressively later with longer wave lengths, the displacement of phase amounting to 0.05 
period, or 0.27 day, between 3530 A and 10,300 A. 

The colors and spectrum of 6 Cephei at maximum light match closely the colors and spectrum of super- 
giant stars of type cF'4, while at minimum the match is with type cG2. 

Any complete theory of Cepheid variation must take into account the displacement of phase with dif- 
ferent wave lengths, indicating pulsations in the atmosphere as well as in the radius of the star. 


The variable star 6 Cephei, the prototype of its class, has been observed so long and so 
often—visually, photographically, and photoelectrically—that little new can be expected 
from additional observations, no matter what their quality. Nevertheless, during the 
summer of 1941, when the new six-color photometer on the 60-inch reflector was working 
satisfactorily, a short series of measures was taken on half a dozen nights just to deter- 
mine the amplitude of variation of this star in short and long wave lengths. Then in the 
two succeeding summers further observations were taken as opportunity offered—enough 
to fill out a satisfactory light-curve for each of six colors. 

The photometer, photocell, and filters have been described in the work on B stars.? 
For a star as bright as 6 Cephei, median magnitude 4.1, the installation on the 60-inch 
reflector performs so well that a single galvanometer deflection fixes the brightness of the 
star in a selected color with all needed precision. The combination of the large telescope 
and the Mount Wilson sky made it possible to get six complete light-curves in 18 nights 
with less effort than I have usually spent on the single light-curve of a variable star. The 
normal procedure was to measure 6 Cephei forward and backward through the series of 
filters, then to do the same for the comparison star, e Cephei, magnitude 4.23, spectrum 
A6. With one observation a night there was no check back on the first star; but, when 
two or more observations were made, the sequence was repeated in reverse order on the 
two stars. A control on the color-sensitivity of the cell was maintained by observing a 
polar star, usually NPS 4, in the course of each night. 

The details of the observations are in Table 1. The first column gives the Julian date. 
The second column gives the heliocentric phase in fractions of the period, based upon 
the elements: 

Max. = JD 2430693.0019 + 54366282 E, (1) 


where the time of maximum was determined from the present ultraviolet curve, the 
epoch being obtained from the average of the six observations which fix the maximum. 
The period will be discussed later. The next six columns give the A mag. for each color 
and the corresponding wave length, a plus sign (+) indicating that the variable was 

* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 704. 

1 Research Associate of the Mount Wilson Observatory, Carnegie Institution of Washington. 

2 Stebbins and Whitford, Mt. W. Contr., No. 680; Ap. J., 98, 20, 1943. 
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48 JOEL STEBBINS 
fainter than the comparison star. For example, in the first observation 6 Cephei was 0.35 
mag. fainter than ¢ Cephei in the ultraviolet, 0.04 mag. fainter in the violet, 0.20 mag. 
brighter in the blue, and so on. The last column gives the year of observation. 
Observations in parentheses were rejected. On JD 2430551.912 the ultraviolet and 
blue measures were faint, the others about normal; hence it was assumed that there had 
been an unseen passing cloud, and the whole set was rejected. On JD 2430904.933 the 
green measure was discordant and was rejected, although it could be brought into perfect 
agreement by changing the galvanometer deflections by five whole divisions. With these 


TABLE 1 
OBSERVATIONS OF 6 CEPHEI 


; U V B G R I ; 

JD 2430 Phase 3530 A 4220A | 4880A | 5S700A 7190 A | 10,300 A Year 
205.819........| 0?2143 | +035 | +0“04 | —0"20| -—0M40  —0%67| -—0M91 | 1941 
230,785........| .9668| 40.73] + 47] + .16] — 08] — .41] —0.68 | 
os... .0739 | —0.06/ — 38} — 50] — .62} — .81| —1.01 | 
937 788...... 2401 | +0.42/ + 13] — 14] — 36] — .64] —0.89 | 
233.908....... 4488 | +090) + 55} + 18] — .12}-— .47| —0.78 | 
234.756...... 0.6068 | +1.21) +0.82/ +040] +4006) —0.33) —0.68 | 
548.912..... 0.1490/ +0.16| -—0.15| -—0.34] -—0.52| —0.74/ -—0.96] 1942 
549.901..... 3333 | +0.65| + 34] + 03) — 24) — .55| -0.84| 
550.897...... ae. Se ows Jo eo oe oe ol , 
564,912... 7081 | (+1.58)) (+ 95)| (+ .64)} (+ .14)} (— .25)! (—0.61) 
584.696....... O75 | 0404+ 26) +! + — 2 HO 
584.958. ... 8663 | +0.72| + 44) + 14] — | — .4/| -0.8 
se5.000........ 0044; -0.20/ — 49/ — 59] — 69/ — .82|] —0.99 
565.931... .... 0477 —0.10 — 43 — 54 — 68] — .83 —1.00 | 
S668). ...... 6576 | +1.24| + 87} + .44| + .10] — .27| -0.62 
610.997........ 7190 | 41.28) + 92} + 49} + 15} — 24) —0.59 
a oe 8432 | +0.91/ + 61] + .26] 00] — .33| —0.63 
611.951........| 0.8968 | +0.42| 40.17] -—0.06 | 026} -—0.52| —0.78 
904.933........| 0.4931 | +40.98| +0.62 | +0.24] (—0.09)| —0.43|} -—0.75 1943 
Te ee 768 | +1.28) + 09) + .471 + 15) — | -—0.58 
i.008....... Sees) be ek) oe OT ee ee) ee 6) eee 
011:912....... .7936| +1.21; + .85| + 46] + 13) -— .24) -0.58 
eee | =a) = 261 = 2 a a = 2S) ae 
eee .9530 | —0.02; — .31/ — .42] — 56| — .72}| -—0.92 
mre... i. 266) hE |) em A ee SE) oe BE ee Oe) ee 
913.825........, 0.1501) 40.17) -0.14) -—0.33| -052|} -0.74| —0.96 


exceptions the observations are satisfactory and can be used as they are without being 
combined into normal magnitudes. 

The measures of Table 1 are shown graphically in Figure 1. The average deviation of 
an observed point is +0.005 mag.; but, since drawing the curves freehand probably 
forced agreement, it is sufficient to assume that the accidental error of an observation is 
usually less than +0.01 mag. The curves are tabulated in Table 2, where under each 
color A mag. is given, referred first, to e Cephei and, second, to the median magnitude of 
the color. 

The amplitudes of the curves in Figure 1 are at the bottom of Table 2; they range from 
1.48 mag. for the ultraviolet to 0.43 mag. for the infrared; the ratio of these amplitudes 
is 1.48/0.43 = 3.4. Also at the end of Table 2 are given the retardations of phase for the 
longer wave lengths. It is scarcely possible to determine the different maxima and minima 
independently without prejudice, but the reality of the effect is shown by averaging the 
observations by pairs near the critical phases, as in Tables 3 and 4. In the next to last 
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TABLE 2 


LIGHT-CURVES OF 6 CEPHEI 











































































































” j | 
Phase | U \ B G R I 
oP00 920. —0M74} —0™49 —OM705| —OM59 —OMS4) —OM68 —OM41) —OM81 —OM285} —0M99 —OQM195 
Max. 0.20 — | — © — 05] — 9 — Sl — 70 — .43 $3. — .305| —1.01° — .215 
0.05 i A a ee le ee =~ 2 2 ee 
0.10 +0.02 — .52) — .30 — .515) — .44 — .39) — .59 — .32) — .79 — .265} —1.00 — .205 
0.15 Pe ao = 271 = 14 — .355} — .34 — .29) — .51 — .24) — .74 — .215| —0.96 — .165 
0.20 } +0.31 — .23} — .00 — .215) — .23 — .18] — .42 — .15} — .68 — .155) —0.93 — .135 
0.25 66 - M+ 4 - Oe 38 - al - 8 ~~ -— ee - 
0.30 +0.57 + .03) + .26 + .045| — .04 + .01/ — .28 — .O1/; — .59 — .065) —0.86 — .065 
0.35 +0.68 + .14) + .37 + .155) + .04 + .09] — .22 + .05} — .54 — .015) —0.83 — .035 
0.40 +0.79 + .25| + 46 + .245) + .11 + .16) — .17 + .10} — .50 + .025}) —0.80 — .005 
0.45 +0.90 + .36) + 56 + .345) + .18 + .23} — .12 + .15) — .46 + .065} —0.77 + .025 
0.50 +1.00 + .46] + .64 + .425) + .25 + .30} — .06 + .21] — .41 + .115) —0.74 + .055 
0.35 41.10 + 56] + .73 + .515| + 32 + .37 00 + .27| — 36 + .165] —0.70 + 095 
0 60 41.18 + 64] + 81 + 595] + 38 + 431 + 05 + 32) — 132 + 205] —0.67 + .125 
0.65 +1.24 + .70) + .86 + .645) + .44 + .49) + .10 + .37| — .28 + .245) —0.63 + .165 
0.70 41.27 + .73] + (91 + 695] + 48 + .53| + 14 + .41] — 25 + .275| —0.60 + .195 
0.75 41.28 + .74| + 92 + .708| + 49 + .54| + 16 + .43] — 22 + .305| —0.58 + .215 
0.80 41.19 + .65| + 82 + .605| + .44 + .49] + 12 + 30] — .25 + .275| —0.58 + .215 
0.85 +0.86 + .32} + .56 + .345) + .23 + .28) — .02 + .25) — .35 + .175| —0.64 + .155 
0.90 +0.38 — .16) + .14 — .075} — .08 — .03} — .28 — .01); — .53 — .005} —0.78 + .015 
0.95 0.00 — .544 — .28 — .495 40 — .35) — .54 — .27| — .71 — .185) —0.91 — .115 
1.00... -~0.20 —0.74| —0.49 —0 705} —0.59 —0.54] —0.68 —0.41| —0.81 —0 285| —0.99 —0.195 
Max.. —(QM 20° —oM74 —oM49 “om 705} —OM59 —OM54| —OM70 —OM43} —OM83 —0M 305) —1M01 —O™M215 
Min... . +1.28 +0.74) +0.92 +0.705| +0.49 +0.54 0.16 0.43} —0.22 +0.305| —0.58 +0.215 
Phase, max. . O0PO000 OPOO7 . GE: ss ones 0P024 ae OP037 .. : WN o's %a 0: 
Phase, min... .. O.733 .. 0.740 ae 0.755 0.768 eS 
Min. — Max... 0.733 0.733 | =: i ee 0.731 0.731 Ey + Sas 
TABLE 3 
MAGNITUDES NEAR MAXIMUM 
Pair Phase | U V B G R | I 
: roro77 || —om14 | —oM43 | —oMsa | —OMo4 | 077 | —oMog 
See 5 Py a aS 004 | — .20 — 49 — .59 fae. .69 — .82 —0.99 
II aE O48 | = 10 | — 4 — .54 — .68 — .83 —1.00 
ee ar er eet ae 0.074 —(0.06 —0.38 —0.50 —0.62 —(0.81 —1.01 
soi al Tiles. i Bibi Bs BTSs cs dan 
OS ee 0.990 |; —0.170 —0.460 —0.565 —0.665 —0.795 —0.985 
Mean, II...... : 0.061 | — .080 | — ,.405 — .520 — .650/| — .820 —1.005 
Difference | a ene — .090 |; — .055 — 045) — .015 + .025 +0 .020 
DAS os lavanend wate —0.11 —0.08 —0.08 —0.03 | +0.08 +0.09 
| | 
TABLE 4 
MAGNITUDES NEAR MINIMUM 
: 7 == : : 
Pair Phase U V B G R | I 
III soP719 +1™28 +092 +049 +015 —(QM24 —(QM59 
.769 +1.28 + .89 + .47 + 15 — 24 — 58 
IV 174 Pie 24 + .90 + 48 + .16 | — .22 — .58 
iris ee gt roe 0.794 +1.21 +0.85 +0 .46 +0.13 —0.24 —0.58 
ST 0.744 +1.280 +0.905 +0 .480 +0.150 —0.240 —0.585 
Mean, IV..... 0.784 +1.325 + (875 + .470 + .145 — .230 — 580 
oe eee Ce) PEER? rae +0.055 + .030 + .010 + .005 — .010 — 005 
La Re ee epee | +0.07 +0.04 +0.02 +0.01 —0.03 —0.02 
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line of Table 3 the first pair is seen to be 0.09 mag. brighter in the ultraviolet than the 
second, but in the infrared the first pair is 0.02 mag. fainter. In the last line these differ- 
ences are divided by the respective semiamplitudes of the curves to reduce them to a 
common unit. The same procedure was followed in Table 4 for the minima. 

The last line of Table 2 gives the intervals Minimum minus Maximum as they were 
derived from the graphs. We attach no significance to the close agreement of these values 
except to conclude that within the errors of observation the interval from maximum to 
minimum is the same for all colors and that there is a progressive retardation of phase 
from short to long wave lengths, amounting to 0°05 for the infrared minus ultraviolet. 


TABLE 5 
COLORS OF 6 CEPHEI 




















| | l 
Phase fm ee a B ee ea 1) es dae 
eee +0"02 | —0M33 | —OM14) —OMO2| +015 | +0”24| —OM57 | 6500° 
0.05.........) + 10} — .28} -— 10] — .02| + .12} + .21] -— .49| 6320 
0.10.......... + .16] — .22}] —..07| — 01} + .09/ + .15| — .37{ 6100 
0.15.........) + .23] — 15] — 05| — 01] + .06] + .10| —..25| 5900 
O:20e cs bh eee — .03 — Ol + 03 | + 05 | — .14 5720 
“See + .34/} — .02 00; — .O1 00} + 02) — .04] 5560 
0.30.........| + .40] + .03| + .02)} — 01; — 02] — .02} + .05| 5430 
0.35... | + 45) + 08; + 04) — O01} — .03| — .05] + .13] 5310 
0.40. . | + 51] + 12] + 06} — 01} — 04] — .08/ + .20 5220 
0.45 ft + 56] + 16] + .07} — O01; — 06} — 10} + .26| 5150 
0.50.........) + .60] + .18| + 08} — 02] — .07| — 13] + .31] 5090 
0.55........., + 64] + .21] + .09] — 02] — 08] — 15] + .36] 5020 
0.60.........) + .67| + .23| + .10] — 02] — 09} — 17 | + 40} 4980 
0.65... | + 68) + .24) + 11] — 02} — .10] 18| + .42} 4950 
0.70... | + .68| + .26| + .12] — 01}; — 10] — 18] + .44] 4920 
0.75.........) + 67] + ..25| + 11] -— .01{ — 09} — 18] + .43| 4940 
0.80.........) + 62} + .19} + 10) — .01; — .08| — .14} + .33| 5060 
0.85. . | + 44} + 08) + .04| 00} — .03| — .05| + .13} 5310 
0.90.......... + .21] — 09} — 02} — OL; + .04] + 06] — .15| 5730 
0.95.........1 + .08| — .26; — 09; — .02/ + 11) + 18} — 44] 6230 
1.00.........| $0.02} -0.33) -0.14| -0.02| +0.15| +0.24} -—0.57] 6500 
0.075.....:..| 40.13} -—0.25| -—0.08} —0.02] 40.10} +0.18| -—0.43]......... 
0.95... + Bl = 26 = RL = Gl 4eciel 4c ee 
f0.20.........1 + .2] — OO} — .03/ — OL] + 0] + 05) — .14]....:,... 
0.90.......... + .21] — .09} — 02} — 01] + .04] + .06] — .15]......... 
0.35.......... + .45] + .08; + 04) — 01; — .03| — .05| | See 
0.85... | +0.44 | +0.08 | +0.04 0.00| —0.03| 0.05} +0.13 |......... 
«Cephei....... | —0.47 | —0.53 | —0.24| -—0.03| +0.27| +0.54| -—1.07| 7800 
| 


The colors of 5 Cephei at different phases are reduced to our standard system in 
Table 5. Each first A mag. in Table 2 was added to the corresponding value for e Cephei 
at the bottom of Table 5; and the resulting sum was then referred to the mean of blue, 
green, and red for the same phase. For example, the first figure under ““U” in Table 2 
is —0.20, which, added to —0.47 for e Cephei, gives —0.67. The corresponding mean of 
B, G, and R of 6 Cephei is —0.69; hence, —0.67 — (—0.69) = +0.02, the first figure 
under U in Table 5. Thus the colors of ¢ Cephei go out; and we have the colors of 6 Cephei 
referred to our standard, the mean of 10 stars of average spectrum dG6. These dwarf stars 
were chosen originally as standards for extragalactic nebulae, but they serve conveniently 
for the entire stellar sequence from O to M, both giants and dwarfs. The use of AO for 
standard would carry the effect of the ultraviolet hydrogen absorption into the figure for 
every star; also, there is an advantage in having the standards somewhere near the mid- 
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dle of the scale of colors. Half a dozen of the values in Table 5 have been changed by 0.01 
mag. to smooth the differences. 

We may now compare 6 Cephei with other stars of nearly the same spectrum. First, 
however, we intercompare the colors of the variable on the descending and ascending 
branches of the light-curve. At the bottom of Table 5 are three pairs of sets of colors at 
phases where the agreement is practically perfect in all colors except the ultraviolet. In 
each of these pairs, when the relative colors match, the star is fainter on the ascending 
branch; or, putting it the other way, when the magnitudes in any color are equal, the 
star is bluer on the ascending branch. 

The values of V — I in the next to last column of Table 5 are perhaps the best measure 
of the over-all change of color of the star. The leverage of \ 4220A to d 10,300A, 1/A = 
2.37 to 1/X = 0.97, gives a scale more than three times the International scale of color 
index; and the use of V — I instead of U — I avoids the complication of strong hydro- 
gen absorption in the brighter phases of the star. 

The color temperature in the last column of Table 5 corresponds to V — I, based 
upon 7 = 5500° for the standard spectrum of dG6. The temperature was computed dif- 
ferentially from Planck’s law and the relative intensities at 4220 A and 10,300 A. 


TABLE 6 
COLOR CLASS OF 6 CEPHEI AT MAXIMUM AND MINIMUM 


= 


| 


fl 
c 


HD Star Spec. M Ge B G | 8 I | V-I 
195295........| 41 Cyg | cF4| —0.9| —0M05| —0¥36| —o“17/ —oM01| +0!17) +0%31| —0™67 
20902........ lomer, | 6) —1.2] 4.0) — 2 — 2] — 024+ 131 + oa — 
2h) | Mean cF4 | <1.01 + 62] — (32) — 44] — 08 + 15] + (26) — Se 
(Max.)........| 8Cep | (cF4)|..... a’ oe 1S) 4+ 24) — .33 
ie »....| 6=Mean j....../......| 0.00} —0.01) 0.00; 0.00} 0.00, —0.02| +0.01 
0. ....... |8Aqr | cG1| —2.5| +0.56] +0.18| +0.07; —0.01 —0.05) —0.09} +0.27 
159181........ Dra | cG2| —1.7| + .78| + .33] + .16) — .01) — .15| — 25) + .58 
OM, io tee | Mean | cG2| —2.1] + .67| + .26] + .12} — .01] — .10| — .17| + .43 
(Min.)......... |sCep _| (¢G2))...... b> Oi lt TO — a 1 Oe 


ey Pe! ee Eee ee | 0.00 —0.01 —0.01) im +0.01) —0.01) 0.00 
| | 


We can compare the colors of 6 Cephei at maximum and minimum with the colors of 
other stars and get the approximate range in spectral type of the variable. In Table 6 the 
colors for maximum and minimum are taken from phases 0.00 and 0.75 in Table 5. At 
maximum, 6 Cephei agrees perfectly with the mean of 41 Cygni and a Persei, both being 
stars of spectrum cF4, while at minimum it agrees similarly with 8 Aquarii and 8 Dra- 
conis—averaging, say, CG2. These close agreements have been obtained simply by se- 
lecting the right stars from our list of those already observed. There are other combina- 
tions—for instance, three stars averaging cF5.0 and four stars averaging cG1.8—which 
agree about as well with 6 Cephei at the two phases as do the pairs selected. It is not im- 
possible that the photoelectric colors may furnish a more delicate test of the types than 
the spectrograms themselves. The first two stars, classified the same, have a color dif- 
ference of V — I = 0.18 mag. Similarly, the second pair, with spectra G1 and G2, have 
V — I =0.31 mag. For stars as bright as these the difference V — I should be measured 
with a probable error less than +0.05 mag. 

After these comparisons of color were obtained, Mr. A. H. Joy kindly secured excellent 
new spectrograms of all the stars concerned, and from these he has given the following 
information. 

There is no reason to change the previous estimates of the spectral type of these stars. 
Any intercomparison of the stars involves two characteristics—spectral type and abso- 
lute magnitude. 
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At maximum: 6 Cephei is slightly later in type than 41 Cygnij and of definitely higher 
M,; it is the same type as a Persei but probably of slightly higher M. 

At minimum: 6 Cephei is slightly later in type than 8 Aquarii and of about the same 
M, and also slightly later in type than 6 Draconis and of about the same M. 

The observed colors are in good agreement with the foregoing spectroscopic data by 
Mr. Joy. Where the spectrum is later, the color is redder. The only discrepancy is in the 
absolute magnitudes; the F stars which match 5 Cephei at maximum are fainter than 
the G stars which match it at minimum, although it is true that Joy makes the variable 
brighter than either F star. 

From its galactic latitude of +-0.4° we might suspect 6 Cephei of slight space redden- 
ing. On Chart 19 of the Ross Adlas of the Milky Way there is considerable obscuration 
near by, and the B stars in the neighborhood are nearly all reddened. In fact, there seems 
to be a blank in the distribution of the B stars along the galactic circle for 2° or 3° on each 
side of 6 Cephei, indicating strong absorption. However, this star is in a fairly bright 
cloud; and, with an assumed absolute visual magnitude, M = —2.0, and median appar- 
ent magnitude, m = 4.1, the distance, r = 170 parsecs, is small for detectable absorption. 
The reddened B stars are probably several times as far away as the variable. 

Similarly, the supergiants 41 Cygni and a Persei, in Table 6, are in low galactic lati- 
tude, —6° and —5°, respectively, but are presumably too near us to show reddening. If 
5 Cephei were reddened differentially as.much as 0.10 mag., International, or say 0.40 
mag. on our ultraviolet-infrared scale, there would be deviations of 0.03 or 0.04 mag. for 
the blue and green in the comparisons of Table 6. We conclude that 6 Cephei is practically 
free of space reddening and that its colors at maximum and minimum are practically the 
same as those of selected supergiant stars of spectral types F4 and G2, respectively. 

The connection between color class and spectrum at phases intermediate between 
maximum and minimum can scarcely be followed with the material on hand. We have 
observed half a dozen supergiants of late F type; but some of them are obviously strongly 
reddened, others doubtful, leaving only one star of spectrum cF8, which agrees in part 
with 6 Cephei at phase about 0°20. The difference of 0.07 mag. in the ultraviolet be- 
tween phases 0'20 and 0°90 at the bottom of Table 5 is too small to be very significant. 
The difference is in the sense that the ultraviolet is fainter at 0°90 and hence that there 
may be more hydrogen absorption during the increase of light. 

The displacement of phase shown in the light-curves and in Table 2 means that near 
maximum the infrared is still increasing after the ultraviolet has begun to decrease. 
Whatever other evidence there may be that 6 Cephei does not radiate like a black body, 
this effect is sufficient to establish the case; a body radiating according to Planck’s law 
cannot at the same time grow brighter in one spectral region and fainter in another. 

The possibility that the displacements of phase are caused by different transmission 
times in space may be dismissed at once. The retardation of 0°05, or 0.27 day, would be 
conspicuous in the minima of eclipsing stars no farther away than 6 Cephei even if a 
smaller range of wave length were used for the test. Moreover, blue light would be travel- 
ing faster than red—an unexpected phenomenon, to say the least. The effect must origi- 
nate in the star itself. 

The period used in equation (1) was derived from elements by A. Danjon.* 


Max. = JD 2393659.873 + 54366396 E — 0984 x 10-8 E’. (2) 


The term in E? will take care temporarily of a shortening of the period, but the times al- 
ways run off when E becomes large. The present discrepancy for the green maximum, 
which is nearest the visual, is O — C = +0416 for E = 6901. Similarly, E. Hertz- 
sprung’s‘ period will also fail if given time enough. 


P= 543663770— 07916 K 10-* (¢— 1883). (3) 


3 J. des observateurs, 10, 7, 1927. 4A4.N., 210, 21, 1919. 
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A good period for the present purpose is furnished by the elements: 
Max. = JD 2420693.131 + 54366364 E, (4) 


which represents some recent maxima in Table 7. 


TABLE 7 
MAXIMA OF 6 CEPHEI 


Observed 





E Maxi O-C | Observer Reference 
Maximum | 
| ee | 2417395.29 +0401 J. Stebbins | Ap. J., 27, 193, 1908 
| La a 2422182 .12 + .04 P. Guthnick A.N., 264, 252, 1937 
EY acs ees ¢ Ss |  2423609.54 + .01 A. A. Nijland B.A.N., 7, 250, 1935 
Cs ee ee | 2423824.12 — *.06 A. Danjon J. des observateurs, 10, 7, 1927 


REE oa cheaters ake 2430693 . 13 0.00 J. Stebbins | Present work, \=5700 A 





I have added 0405 to Guthnick’s time, as given by J. Hellerich, to reduce from photo- 
electric to visual date. The present work seems to indicate that the period of 6 Cephei 
has not shortened so much as predicted. From the different elements the computed peri- 
ods for ¢ = 1930 or E = 6068 are, respectively: 


54366294 , Danjon , (2) 
5.366334 , Hertzsprung . (3) 
5.366364, Stebbins . (4) 


Doubtless, many other periods will be computed for this star; but in the future the times 
of maxima should be referred to a standard wave length. The difference between my 
period or Hertzsprung’s and the one by Danjon, which was actually used, 54366282, 
would cause no change greater than 0"001 in the phases in Table 1; hence these were not 
revised. 

The various light-curves of 6 Cephei have in the past shown a wide range in amplitude, 
depending upon the color sensitivity and magnitude scale of each observer. Our scale 
was tested by placing over the 60-inch mirror a wire screen absorbing 3.02 + 0.014 mag., 
with the result that there was apparently no dependence of the scale upon color, spec- 
trum, or magnitude. The photocell used on the 60-inch telescope gives a linear scale over 
a considerable range of magnitudes, but for early-type stars brighter than magnitude 
4.0 the ultraviolet and blue deflections begin to show drift and fatigue effects. The in- 
tensity of 6 Cephei in these colors is 1 or 2 mag. below the doubtful point; and repeated 
tests show that the comparison star, e Cephei, is also in the safe region. For brighter 
stars the 3-mag. or even a 6-mag. screen can be used satisfactorily. 

In comparing other light-curves of 6 Cephei with those of Figure 1 the amplitude 
should be interpolated for the proper wave length; or, taking it the other way round, the 
amplitude may give the approximate wave length of the other curve. Thus, for my visual 
curve of 1907° the amplitude of 0.76 mag. interpolated between 0.86 mag. and 0.61 mag. 
for 5700 A and 7190 A, respectively, gives 6200 A for the wave length—a suspicious re- 
sult were it not for the fact that Danjon® in 1924, with the same kind of photometer but 
with an orange screen, got practically the same amplitude, 0.78 mag. It is not clear why 
my visual amplitude was smaller than would be expected. The change in color of the 
star between maximum and min’ num may have something to do with it, but the orange 
screen used by Danjon could very well shift his wave length up to 6200 A. The photo- 
electric curve obtained by P. Guthnick® with a rubidium cell gives an amplitude of 1.11 
mag. for 4800 A, while that by W. M. Smart’ with a potassium cell gives 1.26 mag. for 
4500 A, both of which are plausible. 


6 Ap. J., 27, 193, 1908. 6 4.N., 208, 172, 1919. 7 M.N., 95, 647, 1935. 
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The light-curves in Figure 1 are all smooth, without secondary fluctuations. My visual 
curve of 1907, which showed some fluctuations, should now certainly be scrapped. One 
thing that stands out is the regularity of the variation of this star. The present measures 
in three different years were brought together on the same curves and agree as well as 
though they had been taken in successive cycles. Guthnick® likewise found that his 
photoelectric curve was practically repeated after an interval of two years. Except for the 
possible slow change in the period we may conclude that 6 Cephei repeats its variation 
accurately for years at a time. 

So much has been written about Cepheid variation that it is not likely that a complete 
theory can be based upon observational data from a single star. As is well known, the 
test proposed by W. Baade’® for the pulsation hypothesis shows a discrepancy in the re- 
sults from the light- and velocity-curves. The phase of the variation of the radius of the 
star, computed from the total light and the color temperature at any time, differs from 
the phase derived from the integrated velocity-curve. In the present case of 6 Cephei, 
if we adopt the surface brightness of a black body of temperature T from the last column 
of Table 5, the resulting radius will be at a minimum near the maximum of light. But 
the maximum of light comes not when the radial velocity is zero, corresponding to mini- 
mum radius, but when the velocity is near its greatest negative value. The reasons for 
the discrepancy are presumably to be divided between the fact that the color tempera- 
ture of a “‘nonblack”’ body does not fix its surface brightness and the fact that the Dop- 
pler displacements of spectral lines refer not to the photosphere but to the overlying at- 
mosphere of a pulsating star. The pulsations must be in the atmosphere as well as in the 
radius of the star. 

An important contribution to the problem has been made by W. Becker.'® From the 
maxima and minima of a number of Cepheid variables he has derived an empirical rela- 
tion between color temperature and radiation temperature. For any spectral region the 
radiation temperature is defined as the temperature of a black body of the same size as 
the star in question that would emit the same total energy in that spectral region. When 
the radiation temperature, which has a much smaller amplitude of variation than the 
color temperature, is combined with a light-curve at any phase, the resulting radius is in 
good agreement with the relative radius from the velocity-curve. Moreover, the combined 
data of radii and surface brightness of different stars, standardized by similar data for 
the sun, give absolute magnitudes in excellent agreement with the period-luminosity 
curve for Cepheid variables. 

It is not clear how many of the remaining small discrepancies in Becker’s results aré 
due to observational inaccuracies and how many to defects in the theory. All his spectro- 
photometric measures were made by photography ; and, unless he has achieved a precision 
greater than that of other cases where photography has been checked with the photo- 
electric cell, it may well be that most of the discrepancies will disappear. 

In any event, a series of multiple light-curves for other stars would furnish new mate- 
rial for the problem of Cepheid variation. Perhaps three or four colors would do as well 
as six; but, when a photometer is set up, pointed at a star, and ready to go, the extra 
time for one more color is relatively small. However, any time with a large telescope and 
a perfect sky is rather precious; and for a start, at least, the methods of the present work 

can best be applied to other stars with a smaller telescope. 


This investigation has been carried on with apparatus conceived, designed, and largely 
constructed by A. E. Whitford, who is now on leave for war research. The work has been 
supported in part by grants from the Alumni Research Fund of the University of Wiscon- 
sin and from the Observatory Council of the California Institute of Technology. 


8 A.N., Jubiliumsnummer, p. 11, 1921. 
9A.N., 228, 359, 1926. 
10 Zs. f. Ap., 19, 289, 1940. 
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ABSTRACT 
The theory of thick atmospheres, developed by Kosirev and by Chandrasekhar, is applied to the in- 
vestigation of the distribution of intensity over the stellar disk, as functions of temperature, wave length, 
and the structure of the atmosphere. Intensities are tabulated over the physically interesting range. 
The intensities are used in computing the forms of a number of typical eclipses, with ratios of radii 
0.4, 1.0, and 2.0, and with ratios of luminosities 10.0 and 1.0, both central and partial. 
The theoretical curves are applied, for illustration, to the light-curves of SX Cassiopeiae, U Cephei, 
RX Cassiopeiae, AR Monocerotis, ER Orionis, V 444 Cygni, and e Aurigae. 
The effect of the theory on stellar diameters measured with the interferometer is evaluated. 
For all the cases discussed, application of the theory leads to appreciable modification of previous 
results. 
I, GENERAL 


Fundamental studies of stellar dimensions must begin with a conception of a definite 
boundary, corresponding to a sharp limb, as seen in the sun. This idea must be slightly 
modified for many eclipsing stars, and even for the sun, by the introduction of the idea 
of limb darkening. Recently it has been shown that some eclipsing stars cannot be re- 
garded as having a unique radius. In other words, the distribution of intensity over the 
disk is such that the star fades off toward the edges like a nebulous object, and the fad- 
ing-off is of a totally different order from that provided by the classical law of darkening 
(as found for the sun). Furthermore, the distribution of intensity over the disk of these 
stars differs for different wave lengths. 

Evidently in these cases we are dealing with stars that have extended photospheres, 
so that the curvature of the outer layers must be taken into account in evaluating the 
emergent radiation. The theory for such stars has already been developed by N. A. 
Kosirev! and by S. Chandrasekhar.” Kosirev applied the theory successfully to the prob- 
lem of the temperatures of Wolf-Rayet and P Cygni stars. An application to the expand- 
ing envelopes of novae was made by Whipple and one of the authors.* The theory, how- 
ever, has many other possibilities, some of which are explored in the present paper. 


II, FUNDAMENTAL FORMULAE 


Our problem is to find the distribution of the intensity of radiation which is observed 
to be emerging from the deeper layers of the star and its extended atmosphere. We shall 
make use of the formula obtained by Chandrasekhar’ for the distribution of intensity: 


Ih (Pp, n) = fe-o—m MOB,( 6) See sin"? 6d@. (1 ) 


Here the intensity, /, is given as a function of the wave length \; the projected distance, 
p, from the center of the star; and the exponent, x, in the essential formula 


Kp=—, (2) 


1M.N., 94, 430, 1934. 
2 M.N., 94, 444, 1934; Proc. Cambridge Phil. Soc., 31, 390, 1935. 
3F. L. Whipple and C. Payne-Gaposchkin, Harvard Circ., No. 413, 1936. 
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which defines the structure of the envelope (x being the absorption coefficient, p the den- 
sity, and r the distance from the center). The function y,,(@) is given by 


6 
: sin"? 040, (3) 
i | 


and B,(@) is derived from the Planck formula. 
The formulae given by Kosirev are equivalent to those used in the present paper, ex- 
cept that they are expressed for the particular value n = 1.5. 


III. THE CONSTANT 


With the theory in the form outlined in Section I, the only quantity that calls for 
comment is the constant of equation (2). The results are very sensitive to the value of 
n; and it is, therefore, necessary to determine the range of values that are physically 
probable, in order that later results may have real applications. 

In applying the theory to the expanding envelopes of novae,’ values of the exponent 
were compiled from four sources;* in the notation of that paper the exponent » (here 
called 2’) is related to Chandrasekhar’s ” by the formula 


t= ———_—_——_-, (4) 


Table 1 repeats the values of 7 on both systems. It will be seen that » is not far from the 


value 1.5 used by Kosirev in his first discussion; if anything, the number is less than 1.5. 


TABLE 1 


VALUES OF THE CONSTANT 











Author n’ | n 
ocr hes, eae | (sg | 1.35 
Pagieme (ll go es i oye ee ees 5.93 | 1.24 
ogee TY 2.) eee penne re 5.34 | 1.40 
Menzeliand Pékeris.... 2... .0550-85000s| 4.5 | 1.67 


} 
} | 





The value 1.5 for n, used by Kosirev, was chosen as appropriate to an expanding at- 
mosphere. The case of = 1 is a limiting value. For m between 1.0 and 1.5 the case is 
intermediate between uniform density and the expanding atmosphere—conditions that 
might well correspond, for example, to envelopes in rapid rotation or otherwise abnor- 
mally supported. Some eclipsing stars furnish examples of the first condition, and the 
phenomenon of abnormal support is to be found in the envelopes of supergiant and giant 
stars. It seems likely, therefore, that some physically interesting values of m will lie 
between 1.5 and 1.0. For completeness, values of ” up to 3 will also be considered. As n 
increases, the extent of the atmosphere decreases. 

It should be noted that the form of equation (2) implies that xp falls off continuously 
with increasing r. However, it is physically possible for the quantity to have maxima 
and minima (corresponding to rings or shells, which have been plausibly demonstrated 
for some stars); and under such conditions the results may be more complex, and light- 
curves, such as that of W Serpentis,’ might be simulated by a proper choice of condi- 
tions. Such variations of xp with distance will not be considered here. 


4R. Woolley, M.N., 95, 101, 1934; A. Pannekoek, Pub. Astr. Inst. of Amsterdam, 4, 39, 1935; D. H. 
Menzel and C. Pekeris, M.N., 96, 77, 1935. 


®S. Gaposchkin, Harvard Ann., 105, 511, 1937. 
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Another approach to the value of m is by means of the relation® 


T= A,T*, (5) 


where A, is given by 


ated lt) 7° oe ae $80 (6) 


(n—1)? Jo Yn (0) 
and 


6 
Wn (0) =f sin’? 6d@. 
0 


Values of y,,(9) for several values of 6 have been tabulated by Kosirev for n = 1.5. 
It should be noted that y,,(@), as tabulated by Kosirev, is equal to 


6 
5 ff sie? 0d 0 (7) 


and is accordingly half the value used throughout the present paper. Values of y,,(0) 
for several other values of are collected in Table 2 for the values of 6 given by Kosirev 
and also for 6 = 3°. They were obtained graphically with the aid of the relation 


: a + r? 
Ji sinn ee ee (8) 
0 2 
Kosirev’s values for n = 1.5 were verified. 
By the use of Table 2, values of A, were then obtained by graphical integration. They 


are given in Table 3, which includes also the values for n = 1.5 given by Kosirev and those 
for n = 2, 3, 5, 7, and © by Chandrasekhar. 




















TABLE 2 
VALUES OF yp, (6) = ( sin”? 6d@ 
| 
VALUES OF 1 
6 6 
DEGREES | RADIANS |  * 3 | 
1.1 | 1.2 1.3 2.0 | 3.0 

“Sere 0 0.00! 0.00 | 0.00 | 0.00. ] 0.00 | 0.00 | 0.00 

ERR ee 0.052 5.501. 1-32 0.82 | 0.44 0.32 0.052 0.0014 
8°36’ 0.150 8.10 | 3.46 1.90 | Ler 0.76 0.150 0.012 
5: 0.262 8.76 | 3.94 Ape + 1.04 0.262 0.034 
30. 0.524 9 36 4.54 2246.1 -1:9 | 1.44 0.524 0.134 
45, 0.785| 9.72] 4.92 | 3.08 | 226 | 1.80 | 0.784 | 0.292 
| eee 1.047 10.12 | 5.20 3.40 | 2.56 2°12 1.048 | 0.500 
a .| 1.309 10.40 | S92 | 33.00 2.84 2.36 1.308 0.740 
902 UES 10.66 | 5.80 3.96 | 3.10 2.62 1.570} 1.000 
105. 1.833 10.96 | 6.12 | 4.26 | 3.42 2.88 1.832 | 1.260 
120. 2.094 11:26 | 6:36 4.52 | 3.68 3.14 2.094 1.500 
135 2.356 11.56 | 6.64 | 4.84 3.98 3.44 2.356 | 1.706 
150. 2.618 12.00 | 7.04 3.20 | 4:36 3.78 2.618 1. 866 
165. 2.880 12.54 | 7.66 5.72 | 4.80 4.20 2.880 | 1.966 
180. 3.142 | 21.36 | 11.58 | 7.96 | 6.26 | 5.26 | 3.142] 2.000 


In equation (5) the temperature 7; is the temperature at optical depth 7 = 1. Fora 
star with an extended atmosphere this temperature will be lower than the effective tem- 


6S. Chandrasekhar, Proc. Cambridge Phil. Soc., 31, 392 (Eqs. 21, 23), 1935. 
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perature 7, which refers to a deeper layer. For such stars, 7; will correspond approxi 
mately to the observed spectrophotometric temperature. It was the object of Kosirev’s 
original investigation to show that for Wolf-Rayet and P Cygni stars the spectropho- 
tometric temperature is much lower than the effective temperature and that the differ- 
ence can be interpreted in terms of the thick atmospheres. The observed ratio 7./T; is 
about 2.5 for P Cygni.’ For the W component of the eclipsing star V 444 Cygni the 
temperature derived from the surface brightness® is roughly equivalent to a spectro- 
photometric temperature; in this case the ratio 7/7; is over 3.0, but certainly less than 
4.0. Table 4 relates the ratio 7,/7; to A, and n. 


TABLE 3 


VALUES OF Ay 


n An n An 
Os See eto s © fl) TES aa . 7426 
| 7 eee 5.200 Subse 4: pao ee 
Bee int: Veneer 2.915 be | ee eee ... 1.0563 
| A ee ee een ee kee 2.728 Ch Ss x a ere 
| Be: "Od ee ee Pars 2 2.520 CORE is ge eee 0.8 
Boao ss8 owe ee 2.321 

TABLE 4 


TEMPERATURE AND EXPONENT n 














| 
| | 
Te T\ A n n 1} Te T\ A n n 
2.0.. 16.00 | 1.1>n>1.0 ]] 1.10.......... 1.46 2.53 
eee OS 1.1>n>1.0 |] 1.00.......... 1.00 5.70 
| LE. RE: c,d 2.86 1.25 tO: See seo nee 0.80 co 
en ae 2.36 1.50 | 
_ 


From Table 4 we may conclude that values of m between 1.5 and 1.0 are likely to be 
physically significant for some stars. Their bearing on the further calculations will ap- 
pear in the next section. 


IV. THE DISTRIBUTION OF INTENSITY OVER THE DISK 


The so-called “law of darkening” (the relation is so different from the usual law of 
darkening that an alternative name is here used) for thick atmospheres has been evaluat- 
ed by Chandrasekhar® for n = 2 and 3 and by Whipple and one of the authors? for 
n = 1.5. Both evaluations were for integrated light. We now investigate it explicitly, 
not only for several values of m but also for dependence on wave length. It is sufficient 
to carry out the investigation for a series of values of AT (where d is the wave length and 
T the temperature).!° Since the observational applications will probably occur for 
temperatures between 4000° and 100,000° K and for wave lengths between 4000 and 
10,000 A, results were derived for seven values of AT from 1.5 X 10’ to 3 & 10° (A being 
in angstroms, 7 in degrees). 


7M. Dufay, Pub. Obs. Lyon, Vol. 1, No. 1, 1932. 
8S. Gaposchkin, Ap. J., 93, 202, 1941. 

® Russian Astr. J., 11, 559, 1934. 

10S. Chandrasekhar, Observatory, 57, 226, 1934. 
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DISTRIBUTION OF INTENSITY OVER STELLAR DISK, » = 1.1 (Logarithms) 


| 


CENTER OF Disk* 


01 
03 


ae ie 


06... 


10 
20 
30 


4.00... 


1.5107 
| 19.265 
798 


18.339 
17.986 


17 .403 
16.983 
wis 2 oo Cee 
“, ote 


239 
th 15 


* Unit is Rj, where r=1.0. 


| 926 | 
| 15.630 | 
332 


3X 107 4X10° 
18.238 | 17.699 
17.896 | 17.468 
17.590 | 17.195 
17.340 | 16.991 
16.926 | 16.638 
16.668 | 16.418 
16.457 | 16.251 
16.266 | 16.097 
16.097 | 15.968 
15.941 | 15.858 
15.819 | 15.749 
15.709 | 15.640 
15.602 | 15.532 
19.211 | 19.024 
14.626 | 14.716 
13.838 | 14.173 
13.049 | 13.630 


TABLE 5 


VALUE OF AT 





TABLE 6 








The intensities were calculated by graphical integration of equation (1). Tables 5-7 
give the distribution of intensity over the disk for various values of m and the seven chos- 
en values of AT. The unit of p, the projected distance from the center, is the radius Rj, 
= 1. 





17.118 
16.762 
16.558 

| 16.397 | 

16.148 

15.984 

15.838 

| 15.706 

| 15.603 

15.514 

15.427 

15.349 

15.224 

14.962 

14.714 

14.290 

13.867 








DISTRIBUTION OF INTENSITY OVER STELLAR DISK, 


DISTANCE FROM 
CENTER OF D1sk* 


* Unit is Rj, where 7 =1.0. 


| 18.767 


eae eee | 18.669 
RMD cess, 2 9: Grates oro | 18.518 
OO 18.332 
ot Serine ry fee et 
Uae ee eae | Looe 
Be ccc os eet Ba Doe he) 
EO Eee oe: 16.861 
BE Ges esis aide hola 16.520 | 
Bee serena so repens 16.221 
80 15.928 
es al aes 15.631 
MS sce. te a see RG 15.336 | 
oo gM Si enpranairarnt:, Rates nes: 
Bh oder Lee 
We a aorcade wil aese te 


1.5107 3X 107 4X10? 


881 | 17.514 





832 | 17.449 
752 | 17.369 
657 | 17.278 
421 | 17.091 
203 | 16.922 
990 | 16.751 
804 | 16.601 
629 | 16.477 
487 | 16.359 
358 | 16.248 
229 | 16.141 
097 | 16.035 
486 | 15.524 
881 | 15.013 
902 | 14.338 
924 | 13.663 


VALUE oF AT 


6 X107 
16.838 
16.799 
16.750 
16.691 
16.568 
16.457 
16.350 
16.244 
16.136 
16.051 
15.977 
15.899 
15.819 
15.417 
15.017 
14.558 
14.100 








6X10? | 


8X10? 


16.645 
16.340 
16.135 


15.969 


1S: 712 
15.540 
15.432 
15.351 


LS 212 


15.210 
15.149 
15.085 
15.023 
14.788 


14.567 


14.162 


13.806 


= 1.5 (LOGARITHMS) 


8X10? 


16.388 
16.330 
16.271 
16.151 
16.049 
15.963 
15.879 
15.792 
15.723 
15.660 
15.597 
15.534 
1S .232 
14.938 
14.498 
14.158 











108 3108 
16.308 366 
15.991 .125 
15.779 3.990 
15.627 874 
15.369 668 
5.221 3.569 
15.124 | 13.494 
15.035 | 13.430 
14.962 | 13.381 
14.903 3.339 
14.846 | 13.298 
14.787 .256 
14.727 3.213 
14.599 | 13.039 
14.350 990 
14.022 847 
13.695 705 

10s | 3X 108 
16.121 | 14.299 
16.076 | 14.277 
16.029 | 14.216 
15.959 168 
15.856 089 
15.762 032 
15.672 | 13.976 
15.598 | 13.925 
15.530 | 13.872 
15.461 | 13.833 
15.391 | 13.791 
15.340 | 13.756 
15.290 | 13.712 
15.049 | 13.573 
14.810 | 13.441 
14.498 | 13.252 
14.100 | 13.064 
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V. APPLICATION 


The change of intensity over the disk is extremely rapid; where m is 1.5, for instance, 
the center-limb ratio (“limb” corresponding to p = 1.0, r = 1.0) ranges from 3.9 for 
AT = 3 X 10° to 2506 for AT = 1.5 x 10’. For any one temperature the contrast is 
greatest for small wave lengths; for any one wave length it is greatest for low tempera- 
tures. It is greater, the smaller the value of . 

It is obvious that with such distribution of intensity over the hemisphere the form 
of the light-curve for the eclipse of a star with a thick atmosphere will be considerably 
modified in comparison to what would be observed for a uniform, or even a classically 
darkened, disk. The most conspicuous observational effect will be that the apparent 
beginning of the eclipse will be later and the eclipse narrower; with a total or annular 


TABLE 7 


DISTRIBUTION OF INTENSITY OVER STELLAR DISK, = 3.0 (LOGARITHMS) 


VALUES OF AT 
DISTANCE FROM ee he See 

CENTER OF Disk* | | | 

1.5107 3107 4107 6107 8X 107 108 3X 108 





Oni eG, 17.41 | 17.32] 17.25] 16.81! 16.38| 16.04| 14.37 
OMS aioe 17.40 | 17.31 | 17.24] 16.80] 16.38] 16.04| 14.37 
ST ee 17.38 | 17.30} 17.23} 16.79| 16.37] 16.03} 14.36 
SS RRR eR 17.36 | 17.29) 17.21) 16.78| 16.37| 16.02} 14.35 
SS ES. 17.32 | 17.24] 17.15] 16.74] 16.34] 15.98] 14.31 
RR 17.28 | 17.17| 17.08| 16.67| 16.29} 15.93 | 14.26 
SSC, 17.19} 17.08} 17.01} 16.59} 16.24] 15.87] 14.19 
“2 Re 17.06} 16.99} 16.91} 16.51] 16.18} 15.80} 14.12 
OR. . coaee 16.89 | 16.88] 16.80] 16.43] 16.10] 15.73| 14.04 
te RO 16.75 | 16.77| 16.68] 16.33 | 16.02] 15.65 | 13.96 
CA. ae 16.34| 16.65| 16.56| 16.24] 15.94] 15.58} 13.88 


| 
OUR cc cca iasiay -.| 15.94 16.52 16.44 | 16.13 15.85 |. 15.58 13.51 





j EL | Say Opt are 15.53 16.39 16.32 16.02 15.76} 15.45 13.74 
| | ee eed 13.62 15.36 | 15.44] 15.41 15.25 15.02 13.52 
Al) ) ES Re RP a) ery. 14.03 14.54 | 14.79 14.73 14.62 13.27 

















Unit is Ri, where r = 1.0. 


eclipse the duration of eclipse will appear to be longer, and the duration of totality to be 
shorter, the longer the wave length. 

The calculations of the form of eclipses, to be discussed in the next section, were made 
graphically in the following way: The disk of the eclipsed star was drawn on polar co- 
ordinate paper and was divided into zones at fifteen suitable intervals. A disk represent- 
ing the eclipsing star was then moved across the eclipsed disk, and the angles at which 
its edge intersected the centers of the zones were read. The area of each zone exposed 
for each position of the eclipsing star was then readily calculated. A table of the aver- 
age intensity of each zone for each value of AT used was prepared from Tables 5-7. The 
total intensity of the exposed area for each position of the eclipsing star was then 
calculated. 

For the study of the theoretical curves at several wave lengths for the same star, 
values of \T for the two or more wave lengths can be calculated; and the relationship be- 
tween p, the distance from the center, and /, the intensity, can be determined by inter- 
polation between the calculated values. It is convenient to plot log J (A, p) against log 
\T separately for each value of p. The values of log J at the required values of AT can 
readily be obtained from such a curve. 








It is impossible to explore all the possibilities; but, in order to exhibit the effect of the 
distribution of energy over the disk of the eclipsed star, six eclipses have been selected 
as typical. They are summarized in Table 8. Three are central, and three are partial. 


Tables 9-14 and Figures 1-6 show the forms of the eclipses corresponding to these 
cases. The radii are in the unit R). It is assumed that the eclipsing star, unlike the eclipsed 
star, has a sharp edge. For each case seven computations are tabulated: for each of the 
values of n, 1.1, 1.5, and 3.0, the eclipses corresponding to AT = 1.5 x 10’ and 3 x 108 
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THE COMPUTED ECLIPSES 


Ratio of 
Luminosities 
( Eclipsed/ 
Eclipsing) 


10.0 
10.0 
1.0 
1), 
1.0 
1.0 





| 
| 
| 
| 





Distance be- 
tween Centers 
at Mid-eclipse 
(Unit: Radius 
of Eclipsed 
Star) 
0.0 
2.25 
0.0 
0:75 
0.0 
0.75 


are given; in addition, the “uniform” eclipse is given for comparison. 
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TABLE 9 
ECLIPSE FOR RATIO OF RADII 0.4, RATIO OF LUMINOSITIES 10.0, CENTRAL 
n=1.1 n=1.5 n=3.0 
PRaynerap Dencant E = ; Nl = - + = i arena ies 
BETWEEN CENTERS* AT = | : J | 4 ; 
1.5107 | 3X 108 1.5107 | 3X 108 1.5 X10? 3X 108 

ie ..| 07000 0™000 0™=000 0000 0000 0™000 0000 
4 | 0.000 0.011 0.000 0.012 0.002 0.010 0.017 
S 0.000 0.033 0.000 0.035 0.006 0.029 0.047 
Zz 0.001 0.063 0.002 0.067 0.017 0.055 0.087 
& 0.004 0.100 0.006 0.104 0.036 0.091 0.133 
0 .| 0.009 0.147 0.015 0.156 0.071 0.138 0.190 
9 O47 0.200 0.033 0.212 0.124 0.194 0.247 
8 | 0.035 0.269 0.069 0.284 0.203 0.268 0.321 
7 | 0.073 0.351 0.130 0.369 0.310 0.359 0.399 
6 8 AQT 0.453 0.265 0.468 0.438 0.464 0.487 
5 | 0.649 0.603 0.635 0.601 0.622 0.606 0.599 
A. 1.486 0.763 1.126 0.740 0.820 0.754 0.704 
3 ‘ | 1.932 0.931 eye | 0.896 1.053 0.925 0.830 
Y | 2.189 1.091 1.897 1.054 1.288 1.096 |} 0.965 
Be oP Wee Rack ee oe | 2.401 1.298 2.235 1.262 1.644 1.330 1.140 
0. | 2.492 1.507 2.402 1.469 1.941 1.553 1.247 
9... |) 2 1.715 2.506 1.687 2.202 1.780 1.541 
8. ee ree Po 1.970 2.560 1.945 2.409 2.034 1.806 
(ie |} 2.593 2.208 2.585 2.229 2.539 2.293 2.124 
6... 2.601 2.484 | 2.599 2.477 | 2.589 2.503 2.433 
BEET Aouad sic phates 2.603 2.603 | 2.603 2.603 | 2.603 2.603 2.603 





* Unit: radius of eclipsed star. 
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TABLE 10 
ECLIPSE FOR RATIO OF RADII 0.4, RATIO OF LUMINOSITIES 10.0, PARTIAL 
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* Unit: radius of eclipsed star. 
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TABLE 11 


ECLIPSING FOR RATIO OF RADU 1.0, RATIO OF LUMINOSITIES 1.0, CENTRAL 





PROJECTED DISTANCE 
BETWEEN CENTERS* 
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15X10? | 





0™000 
.001 
.001 
.001 
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.004 
-008 
017 
.036 
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744 
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1.1 n=1.5 n=3.0 

| UNIFORM 

een 3X 108 | 1.5X107 | 3108 1.5107 | 3108 
| 0000 | 07000 | 0=000 | 07000 | 0000 | 07000 | 0000 
0.000 | 0.006 | 0.000' .006/} 0.000} 0.004 .008 
0.000 | 0.016 | 0.001 017 | 0.001 | 0.013 023 
0.001 | 0.029} 0.001 .031 | 0.004 | 0.024 042 
0.002 | 0.059 | 0.003 062 | 0.014 0.050 .080 
0.002 | 0.078 | 0.005| .082| 0.023 | 0.068 . 106 
0.004 | 0.108 | 0.008, .113 | 0.039 | 0.096 142 
0.009 | 0.144; 0.016| .152| 0.069! 0.133 184 
0.013 | 0.176 | 0.025 185 | 0.098 | 0.166 .221 
0.031 | 0.254| 0.065/| .267| 0.187 0.250 303 
0.076 | 0.354| 0.149) .370| 0.313 | 0.352 .400 
0.190 | 0.468 | 0.330)  .481 | 0.428 | 0.478 494 
0.562 | 0.588} 0.580) .592]| 0.603 | 0.594 .586 
1.428 | 0.735 |, 1.067| .713| 0.788| 0.666 679 
| 2.001 | 0.937! 1.649} .905/| 1.020! 0.933 832 
2.103 | 1.009 | 1.778 | 0.970 | 1.050} 1.006 | 0.886 




















11 | n=1.5 n=3.0 

ae 5 a 4 Bis a es UNIFORM 
3X 108 1.5107 | 3108 1.5107 3X 108 

wane: Le , & 

0000 | 02000 | 0000 0=000 | 0@000 | 0000 
006 | .000 006 000 005 010 
015 | 001 | 016} .002| 013] .022 
028 | .001} .041 007! .024 039 
045 | 003 | .047 016 040 .060 
065 008 | .067 032 061 083 
088 016! .091 056 093 108 
117| .034| .122 090.120 137 
149 065 153 136 156 167 
193 139 | .197 195} 195 202 
247 .276| 243 263 | 249 237 
307 461 | 295 337 300 277 
362 589 | 345 419 359 318 
414 656 | .401 499 413 363 
462 696 449 567 .470 406 
Sil .723| .500| .632 525 454 
559 737 | 551} .680 574 506 
608 745| .601| .713| .624 561 
658 749 | 653 | .735| .670| .622 
726 752 724) .749 | 730 | .714 

0.753 | 0.753 | 0.753 | 0.752 | 0.753 


| 








* Unit: radius of eclipsed star. 
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TABLE 12 


n=1.1 n=1.5 n=3.0 











PROJECTED DISTANCE j 2 
fae ciate * | UNIFORM 
BETWEEN CENTERS T= | 
1.5107 | 3108 | 1.5107] 3108 | 1.5107 | 3X 108 
a See sania ee ee ea | ee ae 
1.9 0-000 | 0000 | 07000 | 0000 | 07000 | 07000 | 0=000 
1.8 000 002 | 000 | .003 .001 003 003 
7 000 009 000 | .010 .002 | 008 013 
1.6 .000 017 .001 021 005 | 017 027 
ee 001 .032 .002 .035 O11 | .030 044 
1.4 002 | 048 | .004 .050 .020 044 063 
1:3 004 | 065 | .008 .069 .033 .060 | 082 
12 007 085 | 015 089 053 078 | 104 
i= 012 .106 .025 Ai .078 105 | 125 
1.0 025 .135 .049 141 .118 135 | 152 
0.9 .042 158 | .076 165 | .150 .162 ALS 
0.8 085 | 191 | .140 .197 | 198 198 | .198 
0.7 245 | . 236 | .255 . 236 | .250 238 | .229 
0.6 476 | 274 | .379 .267 .297 272 253 
0.5 570 | .306 | .470 296 339 | 303 .275 
0.4 627 | 336 | .542 .324 383 | 334 297 
0.3 659} .360| .587 347 418 | 360 315 
2... 671 372 | 605 359 436 372 325 
ie ee 685 | 388 .627 BR 461 390 338 
0.0 0.685 0.388 0.627 0.375 0.461 | 0.390 0.338 





* Unit: radius of eclipsed star. 


TABLE 13 


ECLIPSE FOR RATIO OF RADII 2.0, EQUAL LUMINOSITIES, CENTRAL 














| n=1.1 n=1.5 n=3.0 
PROJECTED DISTANCE |-——— ; — oe E 
Be ee ad | UNIFORM 
BETWEEN CENTERS | ie 1. ’ } 5 
1.5107 3X 108 1.5 X10? 3X 108 | 1.5 X10? 3X 108 

ae 07000 | 0=000 | 0"000 | 07000 | 0@000 | 0"000  0™000 
eS oy ee as 000 005 000 004} .000 003 005 
1.3 | 001} 013 001) 013! .002 007 016 
. Oe aay se 022 .002 | 023 006 016 028 
ee Ce 037 003 | .038 013, —.029 046 
Bae 550 ee A | 004) = .051 .007 053 026 | 045 063 
Me ose een hates I>: 007-1". -.068 014 071 045 | .063 081 
..... 014} 089] .028| 092} 074] 086) 100 
MRE OAS. hot us 031 112 057 115 118 | 113 | 118 
Os hie Figs 073} 136] .113} 138] .156 | 143 | 133 
BS Linh a! ak ty 171 264 164 217 171 | 146 
Ne ee | .549 197 434 182 266} .195| 146 
ETRE S 638 216] .548| .198 .323 | .218 | .146 
0.2 691 225 609 | 206 367 | .234 | 146 
Ee i 698 236 648 | 210 409 | .240 146 
I 0.702 0.236! 0.655 | 0.214} 0.412 | 0.248 | 0.146 











* Unit: radius of eclipsed star. 
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The curves of Figures 1-6 show some striking features. The first pair show eclipses of 
a small star by a large one. In comparison with the uniform eclipse, the total eclipse (Fig. 
1) is narrowed at the top, widened at the bottom, and for the lowest values of n and AT 
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the difference is considerable. Such an eclipse, if observed, would lead to an underesti- 
TABLE 14 
ECLIPSE FOR RATIO OF RADII 2.0, EQu AL LUMINOSITIES, PARTIAL 
n=1.1 n=1.5 n=3.0 
ProjJectep DISTANCE |— ee eee < } we ae 
: | | | UNIFORM 
BETWEEN ( ENTERS* | \T= | 
| 15107 | 9X10 | 1.5107 | 3X108 | 1.5107 | 3108 
1.3 -.| 0000 0000 | 02000 | 0000 | 0=000 | 0=000 | 0=000 
L.2 Pal .000 004 000 005 | .000 004 | 007 
| a seal .000 009 | 000 009 .001 .008 | 014 
1.0 ol .000 021 001 .022 004 | 018 .030 
Ose Baas cake ee / 001 .026 002 | = .027 .008 -023 | 036 
0.8... 002 .031 .004 | .043 .009 038 | .053 
0.7 002} 046) 005} .047| 022) 042 | 058 
0.6 .004 | = .057 009 | .060 .034 054 071 
0.5 006 | .068 014 071 046 .066 .082 
0.4 009 | 078 020} .081 061 078 | 094 
0.3 se 014 | 088 .036 | .092 .076 .090 101 
0.2 017 .092 .041 | = .097 .082 095 106 
Le A eee eet .020 | .098 .046 | .102 .091 101 .110 
0.0 0.021 | 0.098 0.050 0.103 0.093 0.102 0.110 
— —— —_ | — ———e — —— ————— 
* Unit: radius of eclipsed star. 
2.0 0.0 2.0 2.0 0.0 2.0 2.0 0.0 2.0 
ae a. ay ~. ¥ 7 
4 ¥ \. 
\ \ . 
\ 4 
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‘ | { 
| 
| | 4 
1. OF | °| 4 
i's 
| 
| | 
1.5} + z 
a : ; . 
| | 
4 F . pe % ‘th 
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L : eS ! 
Fic. 1.—Central eclipse of small star by larger star. Line: uniform solution; dots, AT = 1.5 x 107; 
open circles, AT = 3 X 108. Left section, m = 1.1; central section, n = 1.5; right section, n = 3. 
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mate of the duration of eclipse, an overestimate of the duration of totality, and a distor- 
tion of the ratio of radii. For the partial eclipse (Fig. 2) the computed curves are nar- 
rowed and deepened. 

Figures 5 and 6 show eclipses of a large star by a small one. The most obvious feature 
of the central eclipse (Fig. 5) is that the constant brightness has disappeared; the mini- 
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Fic, 2.—Partial eclipse of small star by larger star. Notation and arrangement as in Fig. 1 
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Fic. 3.—Central eclipse, two equal stars. Notation and arrangement as in Fig. 1 


mum is, moreover, narrowed and deepened. For the particular partial eclipse selected 
(Fig. 6) the minimum is narrowed and shallowed. 

Figures 1 and 5 are, in a sense, complementary, for they would (with the appropriate 
changes in relative luminosities) represent approximately the two minima for an eclips- 
ing pair of different sizes, both with thick atmospheres. As compared to “uniform” 
eclipses of the same pair, the curves would lead, among other things, to a difficulty in 
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Fic. 4.—Partial eclipse, two equal stars. Notation and 
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Fic. 5.—Central eclipse of large star by smaller star. Notation and arrangement as in Fig. 1 
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Fic. 6.—Partial eclipse of large star by smaller star. Notation and arrangement as in Fig. 1 
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bringing the ratio of surface brightness into agreement with the ratio of the radii, as 
deduced from the two eclipses. 

Figures 2 and 6 are also complementary. In this case both eclipses are narrowed; one 
is deepened, the other shallowed. A falsification of the ratio of surface brightnesses would 
result. 

The central eclipse of two equal stars (Fig. 3) presents the interesting feature of simu- 
lating an eclipse with appreciable duration of totality, which would lead to the conclu- 
sion that the radii differ, whereas they are equal. The partial eclipse of two equal stars 
(Fig. 4) is affected (for the case selected) by a narrowing and deepening of the eclipses. 

The consequence of the distortions of the minima is, in every case, an underestimate 
of the sum of the radii of the stars. 

In every figure the deviations from uniform eclipses are seen to be greater, the smaller 
the value of AT. 


VII. COMPARISON WITH OBSERVATION 


The present paper had its origin in an attempt to account for the striking differences 
pointed out by one of us" between the photographic and visual light-curves of SX Cassi- 
opeiae.'!* The observed difference is in the same direction as that shown in Figure 1; for 
SX Cassiopeiae it is so large that if it is attributed only to this effect, with the relative 
dimensions used for Figure 1, the value of m must be small, even less than 1.1. If, how- 
ever, we compare Figure 1 with Figure 3, where the radii are equal, we see that it is pos- 
sible to produce a similar effect with a larger value of » by compensating with a larger 
value of the ratio of the radii. 

In Figure 1 the curves for n = 3 may be applicable to the case of U Cephei, which is 
similar to SX Cassiopeiae in ratio of radii and duration of eclipse but which shows a 
much smaller effect.!? In comparing SX Cassiopeiae with U Cephei it should be borne in 
mind that the former is a supergiant and the latter a main-sequence star, which are dif- 
ferent in dimensions and, therefore, likely to show “thickness” of atmospheres to dif- 
ferent degrees. 

In Figures 2 and 4 are possible applications to RX Cassiopeiae!* and AR Monocerotis;14 
both are supergiant systems, and both show the apparent change in dimensions with 
wave length to a considerable extent. Both have partial eclipses, which appear more 
nearly total in photographic than in visual light—an effect that is reproduced by the 
theoretical curves. In RX Cassiopeiae we have, perhaps, a case of variable m, revealed 
by the additional fluctuation in brightness, which affects the deduced relative dimen- 


11S. Gaposchkin, A p. J., 100, 221, 1944. 


1la The difference of visual and photographic dimensions is a conclusion drawn from the difference of 
visual and photographic elements. The diagram (Fig. 1 of the paper referred to) was made with the 
purpose of illustrating the corresponding difference between the light-curves, and no physical conclusion 
was drawn from the appearance of the curves. The visual light-curve shown there was obtained from a 
combination of Dugan’s observed magnitudes; Dugan made systematic corrections to the magnitudes, 
which have the effect, as pointed out in the paper referred to, of narrowing the primary minimum 
slightly. A freehand light-curve, not a computed one, was passed through the points of both light-curves. 
Through a mistake in plotting, the six points on the descending branch of the visual light-curve have been 
put too far to the left, thus making the primary minimum appear too wide. 

Because of the great importance of this star, a detailed discussion of the visual and photographic 
observations is being undertaken. The error in Figure 1 has no effect on the deduced difference of visual 
and photographic dimensions. The photographic value of the ratio of the radii is a maximal value; and, 
since his systematic corrections narrowed the primary minimum, Dugan’s value was a minimal value. 
Thus the difference in photographic and visual dimensions may be even greater than that deduced in the 
paper quoted. 


12S. Gaposchkin, Science, 100, 393, 1944, 
13S. Gaposchkin, Ap. J., 100, 230, 1944. 
14 C, Payne-Gaposchkin, Ap. J., 100, 251, 1944. 
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THICK ATMOSPHERES 


sions. Figure 4 may also find an application for ER Orionis,* with components of class G, 
smaller and lighter than the sun. 

The theory of the thick atmosphere was first developed to cover the problem of the 
Wolf-Rayet stars, and it has an evident application to the light-curve of the eclipsing 
star V 444 Cygni.'* It is obvious from a casual inspection of the light-curve that the 
W component acts as though it were smaller when eclipsed than when eclipsing.!” For 
an effective temperature of 75,000° K the curves for AT = 3 X 10° will be applicable 
for the photographic wave length, the only one for which observations of this star exist 
at present. The light-curve might be simulated by using a small value of m for the Wolf- 
Rayet component, a large one for the O component. The eclipse of the thick-atmosphere 
star will be narrowed and somewhat deepened (cf. Fig. 2). It is probable that the pres- 
ence of the thick atmosphere will produce wide, shallow wings to the eclipse where the 
W star is in front, whereas at the corresponding phases, half a period later, no appreciable 
eclipse will be observed—an idea that has been proposed by Z. Kopal.!* Our assumption 
differs in the sense that the eclipse of the O star by the W star (primary minimum) is 
considered a normal eclipse, not the eclipse of the W star, which is distorted by the 
effects of the thick atmosphere. 

The eclipsing system e Aurigae has long presented a puzzle, for which an ingenious 
solution, in terms of an eclipse by a high-level electronic shell, has been proposed by 
Kuiper, Struve, and Strémgren.!® Our predicted minima may possibly have an applica- 
tion to this system. Since the temperature of the principal F star is rather low, the dark- 
ening for AT = 1.5 X 10’ may not be inappropriate. When the light is strongly concen- 
trated to the center of the disk, an apparently total eclipse may be produced at an annu- 
lar eclipse of a larger star by a smaller one (Fig. 5, where is near 1.1). Then the diffi- 
culties in reconciling the continuous presence of the spectrum of the F star, the depth of 
minimum three-quarters of a magnitude, and the durations of eclipse and of totality 
may be removed. In such a case the invisible red star will be smaller than the F star, 
and a less unique object, but the F star must then be much larger than was previously 
supposed. A case intermediate between Figures 3 and 5 (ratios of radii 1.0 and 2.0) will 
be even more favorable. Since the inclination in this case would be closer to 90°, the di- 
mensions will be reduced, and the masses smaller, than those that followed from the 
previous solution, with inclination about 70°. 

The applications in the present section are purely qualitative, and at present it is ex- 
tremely difficult to render them quantitative. In addition to the present uncertainty as 
to precise value of that is appropriate to the particular problem presented by each pair 
of stars, an additional complication has been suggested, in discussion, by Dr. Kopal. 
When dealing with eclipsing stars we are always concerned with an eclipse of one body 
by another that is comparatively near to it; and if the value of » is small, the-eclipsing 
body will lie within the envelope of the eclipsed star.’ In such a case it is clear that the 
actual effects will be smaller than the effects here calculated, which presume an eclipse 
by an opaque disk outside the thick atmosphere. 

It is difficult to modify the calculations to allow for the effect, but an estimate of its 
importance in a particular case may be made by considering the relative dimensions of the 
system under discussion. In all thesystems just mentioned, except ¢ Aurigae, it is the smaller 
star of the pair that is considered to show the effect of the thick atmosphere. Table 15 gives 
the distance between the surface of the smaller star and the center of the larger one (a 
measure of the immersion in the atmosphere of the former by the latter) in terms of the 
radius of the smaller star. The falling-off of the effects of atmosphere, for various values 
of m, can readily be estimated; clearly, the necessary modification is smaller, the larger 


16S. Gaposchkin, Pub. A.S.P., 56, 199, 1944. 
16S. Gaposchkin, Harvard Bull., No. 917, p. 11, 1943; G. Kron and K. Gordon, Ap. J., 97, 341, 1943. 
17H. N. Russell, Ap. J., 100, 213, 1944. 18 4p. J., 100, 204, 1944. “Ap. J., 86, 575, 1937. 
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the value of m, and for most of the stars tabulated it would probably be negligible if 
were as great as 3. It should be mentioned that we are not physically restricted to the 
simple relationship kp = c/r”, since an exponential falling-off would be equally probable, 
and such a law might give greater play to thick atmosphere effects. 

The stars for which the effects are observationally found to be large are those with 
the largest values of the ratio in Table 15. The system RZ Ophiuchi, for which there is a 
considerable effect, and for which H. Shapley?’ long ago commented: “There seems now 
to be some evidence that the deviation from the uniform curve is still greater than can be 
accounted for by complete darkening at the limb according to the assumed cosine law,”’ 
has been added to the list. Those with the smallest ratios, such as ER Orionis, show a 
very small observed effect, if any. 


TABLE 15 
PROXIMITY OF COMPONENTS FOR THICK-ATMOSPHERE ECLIPSING STARS 


Star Ratio Star Ratio 
RZ Ophiuchi......... 19 RX Cassiopeiae......... 4.5 
Ge Cuemoneine:...:.: 9,227 “OU Gobet... . 5... es 4 
V 444 Cygni......... 5 eee og™ 
* From visual! dimensions. + From phc ographic dimensions. 


There is evidence that some eclipsing systems are imbedded in a common a 1osphere, 
8 Lyrae being a well-recognized example; and it is probable that the “can uflaging 
effect” which conceals the spectra of the second components of such stars as * W Canis 
Majoris, HV 11086," and V 453 Scorpii” is associated with the same phenome?22- Per- 
haps the amount of obliteration of the second spectrum may be used as a measure of 
the degree of immersion. 


VIII. DIAMETERS FROM INTERFEROMETER MEASURES 


The dimensions of stars deduced from the light-curves of eclipsing systems may, as 
we have shown, be modified through the recognition of the role played by thick atmos- 
pheres. Another important source of information on stellar dimensions is the interferom- 
eter. It has been shown by A. A. Michelson and F. G. Pease’ that the measured diameter 
must be increased to allow for darkening of the stellar disk toward the limb. As all the 
stars accessible to the interferometer are large, it is possible that they may show thick- 
atmosphere effects. Michelson and Pease have given the formulae for correcting the ob- 
served diameters (obtained on the assumption of uniform disks) for the distribution of 
intensity over the disk. They represent the illumination as a function of the distance 
from the center of the disk in the form 

eo] = (R?—1*)#, (9) 
where / is the intensity, R the radius of the star, and r the distance from the center (the 
p of our tabulations). In their paper they consider values of x up to 2, for which value the 
deduced diameter should be multiplied by about 1.7. The distributions computed in the 
present paper are not of the form of equation 9. For the more effective central regions 
and the most extreme change of intensity computed, « would lie between 6 and 10. For 
such values of x the deduced diameter should probably be multiplied by about 3. Thus 
it seems probable that many of the stellar diameters deduced from measures with the 
interferometer should be regarded as lower limits. 


The authors wish to express their thanks to Dr. Chandrasekhar for his friendly ad- 
vice and encouragement. 

20 Shapley, Princeton Contr., No. 3, p. 109, 1915. 2 Q. Struve, Ap. J., 99, 210, 1944. 
21S. Gaposchkin, A p. J., 100, 242, 1944. 23 Ap. J., 53, 249, 1921. 
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SPECTROPHOTOMETRY OF MIRA CETI 
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ABSTRACT 


The photometry of the continuous background of the spectrum of Mira Ceti at phases between 0 and 
(0.6 indicates that the entire variation in the photographic magnitude is the result of the variation of tem- 
perature and the variation of molecular and atomic absorption. The optical density of the first 770 band 
varies from 0.4 to 1.1 during this interval. The monochromatic magnitude at \ 4150 agrees with the 
magnitudes predicted from the radiometric temperatures and thus precludes any variation produced by 
nonselective absorption. 

The study of the variation of the intensities of the absorption lines of calcium indicates a great varia- 
tion in the electron pressure. Log P, varies from —2.34 at maximum light to —7.73 at minimum. This 
variation indicates a large change in excitation conditions, but the value at minimum agrees with that 
obtained from other stars of similar character. 

The level within the atmosphere of the source of the hydrogen emission is definitely placed beneath 
the level of :1e calcium absorption. The quantitative behavior of the « emission line located within the 
contour of 6 calcium absorption line is accurately explained by this assumption. 


8 | 
11 

Our p,esent-day picture of the long-period variable is founded upon observational ma- 
terial of two sorts. There is available a great volume of material in the form of visual 
light-curves in the files of the amateur variable star observers. In addition, photographic, 
red, infrared, and radiometric light-curves of reasonable completeness for a number of 
long-period variables have appeared in the literature. The qualitative study of the spec- 
tra of these objects is well advanced. The important spectral features are identified, and 
their general behavior is well known. For a small group of brighter variables, studies of 
the motions of the stellar material as reflected in the displacement of the spectral lines 
have been carried to a high degree of completeness. We may obtain from all this material 
a general picture of the nature of the long-period variable. For a quantitative understand- 
ing of the physical processes in these stars, however, we must supplement such material 
with the results of the photometry of the spectra. A good start in this direction was made 
by the radial-velocity observers who include in their results' eye-estimates of the 
strengths of the emission lines and some absorption features. 

Payne and Hogg? undertook the photometry of the spectrum of Mira as part of the 
Harvard Spectrophotometric program. As they pointed out, however, their results suffer 
from large uncertainties arising from the uncertainty of the intensity of the continuous 
background. 

The results of the present investigation are divided into four parts. The first portion 
deals with the photometry of the continuous background, the second concerns the band 
absorption, the third the absorption lines of Ca, and the fourth the emission lines of H. 


I, INTRODUCTION 


II. THE MATERIAL 


All the plates used in this investigation are of the low-dispersion, objective-prism type. 
The dispersion, about 60 A/mm at H6, is sufficient to show well the absorption bands of 
TiO and the strongest absorption lines. Table 1 shows the extent and nature of the plate 
material. The C series consists of plates taken by Hogg in the winter of 1926. They all 
are doubly exposed, one exposure on Mira and one upon the Pleiades. The second expo- 


! Joy, Ap. J., 63, 281, 1926; Merrill and Burwell, Ap. J., 71, 285, 1930; Merrill, A p. J., 93, 40, 1941. 
2 Harvard Circ., No. 308, 1927. 
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sure provides the calibration. The C telescope is an 11-inch refractor, whose focus is good 
from 3900 A to 5000 A. The H series, on the other hand, is a group of plates taken with 
the same 11-inch prism mounted upon the 24-inch reflector. Since the 24-inch has very 
nearly the same focal length as the 11-inch, the dispersions for the two series are nearly 
the same. A guiding device on the 24-inch makes long exposures possible. Thus usable 
spectra of Mira at minimum were obtainable with this combination. The H-series plates 
cover the light-curve from October, 1940, to February, 1941. In the H group each plate 
has but one stellar exposure, but a second plate cut from the same 8 X 10-inch plate was 
exposed to the Pleiades immediately after the exposure on the variable. All the H plates, 
both of the variable and of the Pleiades, have an additional exposure in a standardizing 
spectrograph. 

The light-curves for the two periods, 1926 and 1940-41, are very similar. In both, a 
slight hump appears at phase 0.25. The treatment of the two groups was such as to make 
them directly comparable, and the results are assumed to form a continuous sequence, 
which shows the behavior of the spectrum for phases 0.0-0.6. 














TABLE 1 
LIST OF SPECTRUM PLATES OF o CETI 

Plate No. | JD Phase Quality Wt. Remarks 
ee sks ccc estes 2424824 0.00 Excellent 4 Emission lines overexposed 
(OS OS ener ae 24831 .06 Excellent + Emission lines overexposed 
MSs ob ieclhule ewes 24843 12 Very good 3 Underexposed 
ooo) a eee 24854 .16 Excellent 4 
eS ee ee 24872 ae Excellent 4 
a ee 24886 26 Good 3 Plate fogged 
hep ose 29912 jal Excellent 4 
oo SS ee es 29913 .28 Excellent 4 Two exposures 
OS cre 29931 34 Good 3 Heavily exposed 
RR 5 ois eee wits 29934 ao Good 3 Two exposures 
| eee 29965 44 Fair 2 3-hour exposure 
2 ee 29967 45 Fair 2 5-hour exposure 
UE iia pe eran 29989 51 Poor 1 Underexposed 
ae ee ere 30023 0.61 Fair 2 Very grainy 




















The range of intensities present in the spectra of a long-period variable is so great 
that special precautions are necessary for accurate photometry. Many plates have two 
exposures of the spectrum, one through an aperture over the prism, showing the brightest 
features correctly exposed, and one with full aperture, showing the fainter features, but 
with the brighter ones overexposed. Both exposures are of the same length. The earlier C 
plates do not have such double exposures. These plates required two tracings in the 
microdensitometer. The first tracing shows well the high densities, while the second 
shows the low-density details. The use of a step wedge, calibrated in density, permits 
the two tracings to be tied together for the intermediate range covered by both. A stand- 
ard method? of reduction of the tracings gave curves of relative intensity as functions 
of wave length. 

II. THE CONTINUUM 


The curves in Figure 1 illustrate the distribution of the energy in the spectrum of Mira 
in relative intensity units corrected to outside the atmosphere. 

The corrections for atmospheric absorption on each night, the absorption of the optics 
of the telescope, and the distribution of sensitivity of the film depend upon the assump- 
tion that the brighter Pleiades stars radiate as black bodies at the temperatures reported 


3 E. G. Williams, Ap. J., 83, 279, 1936. 
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Fic. 1.—The distribution of energy in the spectrum of o Ceti 


TABLE 2 


THE AREAS UNDER OBSERVED INTENSITY DISTRIBUTION-CURVES 


CORRECTED FOR THE EARTH’S ATMOSPHERE 




















| | | Total Area 
Phas | Wt AA 4955— | AA 4761- | AK 4584— | ddA 4955- | under 
aise 4761 4584 | 4400 4000 | Uncorrected 
| | | Curve 
ee aan ee f+ - 3.02 | 1.70 | 1.49 9.70 10.05 
A RE RO ae | 4 3.12 | 1.88 | 1.65 10.58 10.80 
Se PY oe 3a | at 1.59 10.40 
Mc lacd aes | 4 2.96 | 1.28 | 1.05 8.72 
ce en diet | 4 2.60 | 1.21 0.99 8.35 
i xausrical — 142 | 0.89 | 0.86 6.32 
CR Se | 4 1.45 | 0.57 | 0.61 5.65 
en, hee ie 1.85 | 0.78 | 0.53 6.50 
; eS Gee 1.25 | 0.62 | 0.48 5.52 
FR e eee _ 2.19 | 0.80 | 0.67 6.84 
NS seca ae 2.27 0.83 | 0.75 7.30 
45. . 2 1 22 0.60 0.57 5.87 
; ‘eee 1 | 1.35 | 1.04 0.68 6.48 
0.61. 2 | 0.80 | 0.88 0.83 6.10 
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by Hogg.‘ Since only the spectral interval from \ 5000 to 3800 is used, this assumption 
should not introduce appreciable error. The exposures of the variable and of the Pleiades 
were made at the same zenith distance. The ordinates of each curve are adjusted to 
give the same values at the maximum near ) 4175. This region gives the most promise 
of being free from band or strong line absorption.* The entries in Table 2 are the areas 
under portions of the curves in Figure 1. 

The columns refer to the regions \\ 4955-4761, \X 4761-4584, and \d\ 4584-4400. In 
the fifth column are the areas for the entire region \X 4955-4000. The values in the last 
column are the areas under the intensity-curves uncorrected for atmospheric transmis- 
sion or blue-plate sensitivity. All areas in Table 2 are in terms of the area for the region 
dA 4200-4100 as a unit. The first three columns cover the region of strongest molecular 
absorption in the photographic spectrum. Each covers a single vibrational band from its 
head to the head of the next band to the red. The transitions are, respectively, (0,2), 
(0,3), and (0,4) of the electronic transition c3II — «II of TiO. 

The monochromatic magnitude of the star is related to the photographic magnitude 
and to the areas under the spectral intensity-curve by the relation 


Mm) = My + 2.5 log +Ga, (3.1) 


where m, is the monochromatic magnitude at wave length \; m, is the photographic 
magnitude at the time the spectrum was obtained; and 4 is the total area under the spec- 
tral intensity-curve uncorrected for atmospheric absorption or blue-plate sensitivity. 
A, is the area under the corrected spectral intensity-curve from 4 — Ad to A+ AX. 
The constant C) is of such value that 


(3.2) 





M=m, or Cy= —2.5 log > 
Ay 


for an AO star. 

The energy distribution-curve of a black body at 12,000° K, corrected by the trans- 
mission and sensitivity functiéns used for the spectra of Mira, yields a value of C4150 
equal to —2.18 mag. 

If the spectrum of the Pleiades star HD 23629, whose spectral class is AO, is used as 
a test of the method, the value of C4159 is —2.2 mag. The agreement is not surprising, 
since the transmission and sensitivity-curves were adjusted to give the proper black-body 
temperatures for the standardizing spectra of the Pleiades. 

The numerical value of C, depends upon the choice of scales of wave length and in- 
tensity upon which the spectral intensity-curves are plotted. In practice the value of A, 
is simply the intensity at \ 4150 rather than an area. If all curves are plotted to the same 
scale, this procedure does not lead to error. 

The relation between the monochromatic absolute magnitude, My, the diameter, and 
the temperature of a star is® 


1.560 


My = Kx — 5 logR+—4G-t+ X. (3.3) 
The term X depends only upon 1.560/AT. For \ = 4150 A and T = 2,000° K, 
X =~ —0.01 and will be neglected. A graphical interpolation between the values given 


by Hetzler’? shows K 4150 = —0.78 mag. The radiometric magnitude corrected for at- 


4F.S. Hogg, Harvard Circ., No. 309, 1927. 

5 P. W. Merrill, Ap. J., 83, 272, 1936; Spectra of Long-Period Variable Stars, pp. 27-28, Chicago, 1940. 
6 Russell, Dugan, and Stewart, Astronomy, II, 733, 1927. 

7 4p. J., 92, 59, 1940. 
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mospheric absorption, here designated by Ms, is a function of the diameter and surface 
temperature of the stars.* Hence 


M,=42.0—5 log R—10 logT. (3.4) 


M, and m, do not refer to the bolometric magnitude, as they differ by zero point; mp is 
equal to the visual magnitude for an AO star. 
A combination of equations (3.3) and (3.4) yields 


M, —Ma50 = Ms — M459 = 42.8 — 10 log 7— SEM. (3.5) 


The first column of Table 3 shows the mean phase for each set of plates grouped to 
form normal places. The second column shows the mean, total, uncorrected area from 
the last column of Table 2 for each group. The column headed m, contains the photo- 
graphic magnitude at each phase shown in the first column, while the values under 
\ 4150 were found by the substitution of A and m, into equation (3.1). These photo- 


TABLE 3 


THE VARIATION OF TEMPERATURE OF o CETI 








| | 
Phase | Area | Mp m4150| Mb T Wt. | Phase Area Mp miso | mb T Wt. 
0.03...| 10.42] 4.9) 5.2/ 0.17 | 2850 | 8 |] 0.34...) 6.51| 7.9| 7.7 | 0.33 | 2220] 6 
ae 10.45:}. 5.7 |. &O@ .03 | 2550 7 |i 44...) 6.91 9.0} 8.9 | 58 | 2080 4 
0.26...| 7.04] 6.6] 6.5 | 0.12 | 2420 | 15 || 0.57...| 6.28 | 10.0 | 9.8 | 0.90 | 2000} 3 
iZ 








graphic magnitudes of Mira are the result of visual comparisons of the photographic 
image of Mira with those of a sequence of stars in the immediate vicinity. The plates 
used are in-focus plates of the regular Harvard patrol. A light-curve covering the period 
of the spectrographic observations at both epochs was constructed from the individual 
observations. The photographic magnitudes of Table 3 are from this smoothed light- 
curve. The corrected radiometric magnitudes, ms, are taken directly from the observa- 
tions of Pettit and Nicholson.* The temperatures resulting from the solution of equa- 
tion (3.5) appear in the next to the last column of Table 3. Figure 2 shows the 
variation of temperature with phase. The solid circles indicate the temperatures as 
computed by Pettit and Nicholson from their observed water-cell absorptions, while the 
open circles are the temperatures from Table 3. The temperatures derived by Pettit and 
Nicholson should not be much affected by either band absorption or veiling. Their tem- 
peratures are functions of the ratio of the total radiant energy from the star to the energy 
transmitted by water. The energy from a star of temperature about 2000° transmitted 
by a water cell is principally in the region 0.7—1.2 yu. In this region the band absorption 
is relatively weak. Nonselective veiling would reduce both the total energy and the 
energy transmitted by water in the same proportion and thus have little effect on the 
observed temperature. The fact that the temperatures as computed from the comparison 
of monochromatic intensities at \ 4150 with the total radiation agree as well as they do 
with temperatures obtained by radiometric methods demonstrates that the known varia- 
tion of temperature and radius of Mira Ceti are sufficient to produce the observed varia- 
tion of light at \ 4150. 

The uncertainty deduced from the agreement of the separate measures of the mean 
areas shown in Table 3 is of the order of 0.7. The values of C, and m, have estimated 
probable errors of 0.02 and 0.05 mag., respectively. The resulting uncertainty in the tem- 


8 Ap. J., 78, 320, 1933. 
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perature computed by equation (3.5) is about 100° K. Systematic and observational 
errors of sorts not considered would probably make the true probable error of the tem- 
perature more nearly 200° K for a point of unit weight. 

No correction is included in Table 3 for the effect of the companion of Mira. On spectra 
taken at phase 0.61 in January, 1941, \ 4227 and H and K of calcium appear quite strong 
and with very dark cores. Unless these lines are present in the spectrum of the com- 
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Fic. 2.—Variation of temperature with phase. Open circles indicate temperatures deduced from 
luminosity at \ 4150. Filled circles are temperatures from water-cell absorption. 


panion, which is doubtful, the companion must have been fainter than photographic 
magnitude 10.5 at the time. The further fact that the combined photographic magnitude 
was observed to be 10.2 at phase 0.61 appears to preclude any appreciable contribution 
from a blue companion. 


IV. ABSORPTION BANDS 


Figure 3 illustrates schematically the nature of the band absorption toward the red 
end of the photographic spectrum. The upper curved line indicates the black-body con- 
tinuum. The lower, broken, heavy line shows the form of the observed continuum. The 
energy represented by the area between these two curves is the energy absorbed to pro- 
duce the bands. For convenience I have divided this spectral region into three parts, 
corresponding to the three major molecular transitions (0,2), (0,3), (0,4). The areas under 
the observed curve for each plate appear in Table 2. Table 4 presents the means for each 
group of plates. Two columns are included for each spectral region. The first, headed 
“Observed,” contains the areas under the observed energy-curve; the second, headed 
“Computed,” contains the areas under the energy-curve for a black body at the tempera- 
ture shown in the column headed “‘Temperature.” A convenient measure of the effect of 
the molecular absorption is the optical density of the atmosphere of the star in each spec- 
tral region. This density is defined by 


, ee 


D = logie (4.1) 
A 


observed 


The density as a function of phase appears in Table 5. 
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Several observers have attempted to obtain the variation in absorption of the TiO 
bands.’ Without exception the estimate of the strength of the band has been based upon 
the assumption that the continuous spectrum could be drawn in from band head to band 
head. The fallacy of this assumption is evident from Table 5 and from Figure 3. A large 





se 


5000 4900 4800 4700 4600 4500 4400 

















Fic. 3.—Idealized variation of intensity with wave length. The ordinate is a simple relative-intensity 
scale. The upper heavy line indicates black-body variation, while the lower heavy line indicates the 
intensity after band absorption. 


TABLE 4 
INTENSITIES IN ABSORPTION BANDS RELATIVE TO 
THE dA 4100-4200 REGION 









































I | II III 
PHASE TEMPERA | __ ae ees pe | 
TURE | 
Obs. Comp. | Obs. | Comp. | Obs. Comp. 

ee ee 2850 | 3.07 | 7.74 | 1.79 | 4.29 | 1.57 | 3.38 

Been 2550 | 3.38 | 9.25 | 1.53 | 4.95 | 1.32 | 3.72 

ee 2420 | 1.83 | 11.1 | 0.86 | 5.52 | 0.75 | 4.00 

E Mee aN 2220 | 1.72 | 123 | 0.71 | 5.90 | 0.58 | 4.18 

Mie a 2080 | 1.80 | 13.7 | 0.71 | 640 | 0.66 | 4.40 

@.57.........} SR | Hae [065 0.96 | 6.46 | 0.75 | 4.46 

TABLE 5 
OPTICAL DENSITIES OF THE 710 BANDS 

—————— a —’ —— ——— 3 7 — 

Phase 1 | Ww | WW || Phase | I | TT Ill 
ean: SO SO Came eee Meee SY Ae | 
0.03.........4 O40 | O48) O58 OMe... | 0.85 | 0.9: | 0.86 
es Se ae ge ee” 2 or eee | 0.88 | 95 83 
Seen 0.78 | 0.81 | 0.73 || 0.57........ | 1.12 | 0.83 | 0.77 














9 Joy, loc. cit.; Payne and Hogg, Joc. cit.; P. J. Rubenstein, Pub. A.A.S., 10, 171, 1941. 
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portion of the opacity of the atmosphere in the region of the (0,2) band is contributed by 
the overlapping (0,3) and even the (0,4) bands. A study of spectra with high resolving- 
power might shed some light upon the distribution of intensity within the bands, and 
an estimate of the effects of the overlaps could then be made. At present neither ob- 
servational nor theoretical material of this sort is available. 


V. THE ABSORPTION LINES OF CALCIUM 


On all the plates of Mira, \ 4227 of Ca 1 appears as a broad, well-defined, symmetrical 
absorption line. None of these spectra shows any perceptible residual intensity at the 
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Fic. 4.—The variation of the equivalent width of Ca1, \ 4227, as a function of phase. The units of 
the ordinate are equivalent widths in angstroms. 
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Fic. 5.—The variation of the equivalent width of H and K of Ca 11 as a function of phase. The units 
of ordinate are equivalent widths in angstroms. 


center of the line. The spectrum is clearly divided into two distinct parts at \ 4227. There 
is little apparent change in the strength of this line as the star grows fainter, other than 
a small increase in width. 

The lines H and K of Cat appear at maximum as rather shallow, broad lines, much 
wider than \ 4227 but with considerable central intensity. As the star grows fainter, 
the lines appear to become narrower but also to become blacker at the center. The sym- 


















by 


ng- 
ind 
ob- 


cal 
the 


; of 


‘its 








MIRA CETI 79 


metry of both lines is destroyed by the rapid fall of the plate sensitivity-curve in this 
region. Both H and K are distorted by the presence of emission lines He in H, and a Mg 
line at A 3939 in K. 

Figures 4 and 5 show the equivalent widths of the important lines of Ca, \ 4227 and 
H and K. The general course of the change in equivalent width is toward greater strength 
for \ 4227 and toward less strength for H and K. While the points in both diagrams are 
quite scattered, means of each group of three form rather smooth curves. 

With equivalent widths of more than 8 A there is little question but that the lines lie 
on the radiation-damping portion of the curve of growth. Then!® 


W qr i/4 v 1/2 / ; r 1/2 a 
Y=N re f J ane (5.2) 
Ag = J me V/s Wy J . 


From equations (5.1) and (5.2) the number of atoms, N, in the lower level of the 
transition, above 1 square centimeter of the radiating surface, is 


where 





wise me’ f r 

T= a Gicuetin aa dete ae 
log N = 2log 2 + 2’ log x log ae log =. (5.3) 
The oscillator strength, f, for the three lines \ 4227, H, and K of calcium as given by Un- 
séld" are 1.7, 3, and 3, respectively. Results for other stars suggest that the damping 
factor is probably of the order of ten times the classical value. Allen” finds a value, 
I'/y ='1.52 X 10~*, for the sun, which is very nearly ten times the classical value. For 
R CrB, Berman’ likewise finds a damping factor very nearly ten times the classical 
one. Struve'* has found the same relation for a number of other stars. While none of the 
stars investigated, with the possible exception of ¢ Aur, could be considered as similar to 
Mira, the fact appears that the classical value for the damping factor is one-tenth the 
effective value in stellar atmospheres over a wide range of conditions. In spite of the 
lower value of the densities, the evidence indicates that the damping factor is nearly in- 
dependent of collisional effects but is largely determined by the radiative process. In 
nearly all cases, however, the Ca lines alone have been used to determine the radiation- 
damping portion of the curve of growth, being the only lines strong enough to fall upon 
this part of the curve. The position of the curve is thus not well determined in this region. 
Upon this basis, then, we shall adopt for Mira the value found by Allen for the sun. 

Equation (5.3), then, reduces to 


log Nat = 2 log ad + 22.62 for h 4227, 


log Neat = 2 log wd +23.36 for dr 3968, , (5.4) 


( 
Pk ee | 
log Natt = 2 log . +23.06 for 2d 3933. | 


10D. H. Menzel, Ap. J., 84, 462, 1936. 

! Physik der Sternatmos pharen, p. 234, 1938. 

2 Memoirs of the Commonwealth Solar Observatory (Canberra), 1, No. 5, 21, 1934. 
134 p. J., 81, 369, 1935. 

4 Pop. Astr., 46, 20, 1938. 
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The second, third, and fourth columns of Table 6 consist of the values of log W/X as 
obtained from the smooth curves of Figures 4 and 5. In the same table the remaining 
three columns show the numbers of neutral Ca atoms and the numbers of ionized atoms 


TABLE 6 
THE IONIZATION OF CALCIUM 


























Loc W/x Loc NV 
PHASE SS ee l a | a aan  TiaiCe teeny 
d 4227 | H K 44227) | H K 
a) Ee giys ee | —2.66 | —2.39 —2.32 17.30 18.58 18.42 | +1.28 
A Sie hele See | —2.57 —2.41 —2.36 17.48 18.54 18.34 +1.06 
Re eee | —2.43 —2.45 —2.41 17.76 18.46 18.25 +0.70 
, RSS —2.35 —2.53 —2.50 17.92 | 18.30 18.06 +0.38 
Pia och seas —2.28 —2.64 | —2.58 18.06 | 18.08 17.90 +0.02 
LE SB Se eee | —2.24 | —2.80 | —2.67 18.14 | 17.76 Li iz —0.38 


as computed from \ 4227, H, and K, respectively. The results from the K line are of low 
weight, for the intensity of the continuum has dropped to such a small value at the wave 
length of this line that the photometry is uncertain. 

The ionization equation” reduces to 


Natt 
Neat 


for the case of the ionization of calcium. The results of the solution of this equation ap- 
pear in Table 7. The electron pressure changes through an extremely large range. The 


30,600 
2 a 





log +3 hg 7T+0.12 ($.3) 


TABLE 7 
THE EFFECTIVE ELECTRON PRESSURE 





|| | 





| 
| 








} 
| ' } 

Phase | Peo | log (Nca a/NoeslPe | log Pe | Phase | Rincnl log (N co n/Nca:)Pe | log Pe 
6. a2 | 2750 | Se RS | 0.4.....} 2050 | ~6.55 | —6.17 
... id eee. | eee S.... 1950 | 9-735 | -7.33 
2 | 2340 | —4.55 | = S40 108... | 1950 | ta | -7.73 
0.3 2200 | | 

| 


2? eet | | 
| | 





values of the electron pressure in such stars as R CrB and the brighter components of 
e Aur and ¢Aur are of the same order of magnitude as the value found for Mira at mini- 
mum light. This is in line with expectation, since at this phase there are very few bright 
lines to indicate unusual conditions of excitation. 

In a recent paper,'* evidence was presented to show that the extent of a homogeneous 
atmosphere equivalent to the atmosphere of Mira would be about 10'* cm. The number 
of calcium ions per cubic centimeter would then be 10°. The electron pressure at tem- 


perature 7, is 
P,=12,kT, . 


6 Unsold, op. cit., p. 82. 
16R.M. Scott, Ap. J., 95, 58, 1942. 
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If the ionization of calcium is the only source of electrons, then m, would be 10°. Using 
this value as a minimum, we obtain 


P.210°kT, ; 
or, if JT, is assumed to be 10* and & = 107", then 
P, 2 10-8 dynes/cm? . 


A change in the effective temperature by a constant factor will change the order of mag- 
nitude but will not affect the range by more than a negligible amount. 

Two possible explanations of the large range in electron pressure suggest themselves: 
The range may be real, and the large electron pressure near maximum light may be a 
result of some variable factor directly connected with the light-variation. For example, 
the increase in pressure could be the result of the passage of a compressional wave 
through the atmosphere, although the increase appears too large for any such mechani- 
cal explanation. The appearance of prominence-like activity at or near maximum phase, 
suggested by the appearance of the emission lines, could lead to a marked elevation of 
the electron pressure. The electron pressure at maximum, 3 X 107% dynes/cm?’, is similar 
to the pressure found by Unsdld,!’ 4.6 X 10-* dynes/cm*, for the partial pressure of 
electrons in a solar prominence. On the other hand, any physical process, localized near 
the phase of maximum light which would lead to an increase in the ionization of calcium 
atoms over the ionization to be expected from temperature excitation would produce an 
apparent increase in the electron pressure. A strong emission line just to the violet of the 
head of the neutral calcium continuum could produce such an increase in excitation. 
However, no well-known line likely to be strong in emission in the spectrum of a long- 
period variable exists in this region. Further, such a process would be partly compensated 
by the presence of Lyman a in the continuum of singly ionized calcium. 


VI. EMISSION LINES 
The most prominent and variable features of the spectrum of a long-period variable 
are the emission lines. The strongest lines are those of the Balmer series of hydrogen. In 
TABLE 8 


THE LOGARITHM OF THE INTENSITY IN ERGS/CM? SEC AT 
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addition to the Balmer series from Hf to Ht, the only lines appearing with measurable 
intensity on the spectra under discussion are those of silicon at \ 3905, iron at » 3852 
and the Mg line at \ 3939. Table 8 shows the intensities of the various lines at each phase. 


17 Op. cit., p. 415. 















82 RODERIC M. SCOTT 


The values given in the table are the logarithms of the intensities in cgs units at the earth. 
The supplementary Table 8a presents the intensities in terms of the intensity of the Hé 
line. A blank space in either table indicates that the lines were invisible or too faint to 
be measured. 

The method of reduction developed by Payne Gaposchkin and Menzel! for the de- 
termination of the intensities of emission lines in Nova may be modified for the spectra 
of Mira. 

Let Jedd be the energy flux in cgs units within the wave-length interval d\ coming 
from the variable and arriving at the earth. Of this energy, a fraction, S(X), affects the 


TABLE 8a 
THE LOGARITHM OF THE RATIO OF INTENSITY OF THE 
BALMER LINES TO THE INTENSITY OF H6 
| | = | : is ee | 
Phase ee See Te a: ee Cl la eo | Hd | Hy 














oS i om es. . a SOS —0.53 | ~0.94 | —0.74 | —0.79 |........ SRS Aerorr 
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| Cee —0.70 | —1.77:| —0.36 | —0.76 | —1.28 | —0.95 | —1.74 | -1.20 ]........ 
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photographic plate. This S(A), then, includes the transmission of the atmosphere and 
telescope as well as the wave-length sensitivity of the plate. If E,.dd is the area of the 
portion corresponding to J,,dd under the intensity-curve in terms of the arbitrary units 
of the characteristic curve of the photographic plate, then 


S(d) Dwdd =P, Ed) . (6.1) 

Also, 
SS (A) Tudd =P, fExdd , (6.2) 

and 
L,=P,A,, (6.21) 


in which L, is the photographic luminosity of the variable at the time of exposure and 
A, is the total area under the reduced energy-curve of the spectrum. 

A spectrum of a star of known energy distribution—the sun, for example—will give 
the value of S(A)/P from equation (6.1). Pettit'® has obtained /,o for the sun in abso- 
lute units. If we plot for the sun [S(A)/Po|/,edA or its equal Exodd in cgs units, the area 
under the curve will equal L/P from equation (6.21). 

From the definition of magnitude, 


SS (A) Dodd 





f da ied to = 1()9.4(m™ )— my) ¢ 3 
fS() hod ah H, ad 
or 
D , 
t= 109-4(mo- mv) . (6.31) 


18 Harvard Circ., No. 428, 1938. 
19 Ap. J., 91, 159, 1940. 














rth. 
t to 


de- 


‘tra 


ing 
the 


50. 


|) 
nd 


ve 
O- 
Ca 











MIRA CETI 83 


A small area, a,—for example, the area under the profile of an emission line—in the 
spectrum of the variable represents an amount of energy, e,. But 








Cy ay 

| haar (6.4) 
From equations (6.21) and (6.31) 

L, = AQ10°-4(*o-™») ; (6.41) 
thus 

€, = . A@109-4(mo~ mo) , (6.5) 
This result is simplified by rearranging; thus 

eo = G+ 10-84. K, (6.6) 


where K is a constant for all plates of the same emulsion type taken with the same in- 
strument and with the star at the same zenith distance. The value of K is given by the 
relation, 


K = 10°4mof§(X) hod). (6.7) 


__ The series of Figures 6, 7, and 8 shows the variation of the line intensities with position 
in the Balmer series and with phase. The material of Figure 6 is a compilation of the in- 
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Fic. 6.—The relative intensity of the Balmer lines. The filled circles indicate intensities for phases 
between 0.0 and 0.25, the open circles for phases later than 0.25. The crosses indicate intensity corrected 
for absorption. The units of ordinate are logarithms of the intensities relative to H6. 


tensities at all phases. One would not expect the Balmer decrement to change very much 
with phase unless the conditions of excitation underwent great change. The curves of 
Figure 6 show the normal Balmer decrement at various temperatures.”° A wide variation 


20 Baker and Menzel, Ap. J., 88, 52, 1938, 
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in temperature has a rather small effect upon the decrement. The observed intensities 
are so scattered that they do not permit a ready determination of excitation temperature 
to be made. An estimate based upon 6, H¢, and Hz would indicate a temperature of 
20,000° rather than one of 5,000° or less. The temperature of excitation may well be 
greater than even this value. 

A study of Figure 6 shows that several of the lines, Hy, He, HO, and Hx, are weaker 
than is expected from a normal Balmer decrement. The departures from a normal decre- 
ment are for the same lines and by the same amounts as found by Merrill” from eye- 
estimates of ultraviolet spectra of several Me variables. 
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Fic. 7.—The variation of the intensity of the emission lines of hydrogen as a function of phase. The 
units of ordinate are logarithms of the intensities in ergs/cm?/sec at the earth but outside the atmosphere. 


The filled circles of Figure 6 show the intensities for phases between 0.0 and 0.25, 
while the open circles are for phases later than 0.25. No certain variation with phase of 
the relative intensities of the hydrogen lines is apparent. 

The line He is of special interest because of its appearance in the wing of the H line 
of Ca 11. We may now test the theory that the relative faintness of this particular emis- 
sion line is due to Ca 1 absorption in an overlying layer. Perhaps the best test of the 
theory would be to predict from the theory the intensity of He relative to 16 and to com- 
pare the predicted intensities with those observed. 

Unsédld gives the optical depth in the wing of a line in the ‘ilaninn forms: 





7 lt (2 oy... (6.8) 
2 ~ 3 yee an * % 4, 
0 

7, = 16.5 x 10-% Nf, (6.81) 


1 Ap. J., 93, 40, 1941. 
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in which y/yor = 10. If f, the oscillator strength, for H of Ca 1 is } and Xo is 3968.46 A, 
then . 


T, = 8.6 X 107-* 
7 »x 10 Ad?2? 





(6.82) 


where Anis in angstrom units. The number of atoms, NV, appears in Table 6 as a function 
of phase. The normal wave length of the H line of Ca 11 is 3968.46 A, while that of He is 
3970.07 A. Thus AX is 1.61 A. Joy” has observed a differential velocity shift of the 
emission lines with respect to the absorption lines in Mira Ceti, as well as in a number 
of other long-period variable stars. In the range of phase from 0.0 to 0.5 the shift is in the 
direction of increasing the separation of He from the calcium line. The optical depth at 
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Fic. 8.—The variation with phase of the intensities of metallic emission lines. The units of ordinate 
are logarithms of the intensities in ergs/cm?/sec at the earth but outside the atmosphere. 


the wave length of He varies in accordance with equation (6.82), from 9.9 at phase 0.1 
to 7.6 at phase 0.5. The principal variation is a result of the variation of the number of 
ionized calcium atoms. Only about 10 per cent arises from the relative shift in the posi- 
tion of the two lines. The Schuster-Schwarzschild equation, 


Io 


indicates a reduction in the intensity He radiation from — 1.039 at phase 0.1 to —0.936 
at phase 0.5 in log I/J. 

The crosses at He in Figure 6 indicate the intensity of the emission line below the 
calcium atmosphere as computed from the theory. The lowest point—circle and corre- 
sponding cross—refers to the value at phase 0.34, which is indicated in Table 8 as un- 
certain. 

The strength of line H of calcium seems to be sufficient, and just sufficient, to reduce 
He from its normal Balmer intensity to the intensity observed. In view of the success 
of this line of investigation, it is unfortunate that the requisite theoretical data required 
for a similar treatment of the case of Hf, which is obscured in part by TiO, are not 
at hand. 


2 Op. cit., p. 281. 
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VII. 





CONCLUSION 


Three results, important in the understanding of the nature of the typical long-period 
variable, Mira Ceti, are presented by this investigation. First, the variation with phase 
of the intensity of monochromatic. light at wave length 4150 A is just that variation to 
be expected from a black body whose temperature and radius change by the amounts 
previously observed for long-period variables. The observed range of visual and photo- 
graphic brightness is due to a large variation of selective absorption of the nature of lines 
or bands and not to a variation of nonselective absorption of the veiling type. Second, 
the range of ionization of calcium is much larger than the range predicted from the 
variation in temperature. The excess in range of ionization is best shown by the effec- 
tive range of electron pressure. Third, the intensity of the emission line He is just the in- 
tensity predicted by the assumption of a normal Balmer decrement for an electron tem- 
perature of about 20,000°, reduced by an overlying stratum of calcium atoms. This result 
is very insensitive to excitation temperature but directly dependent upon the number 
of calcium atoms. 


I acknowledge with pleasure the inspiration and assistance of Dr. D. H. Menzel, who 
has given willingly of his time for discussion and criticism. 
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ABSTRACT 


The color indices of 309 proper-motion stars are given as determined by eye estimates from two plates 
of each region. 


After preliminary observations made with the 36-inch reflector had shown the feasi- 
bility of determining approximate color indices for faint stars and of identifying white 
dwarfs with reasonable certainty and “‘intermediates” with some measure of probability, 
it was decided to extend the search for such objects to stars of smaller proper motion than 
had been used heretofore. The available material consisted of a list of 309 stars with prop- 
er motions between 02 and 075 annually, which were found with the blink microscope at 
Minnesota. 

For each star there were taken one ‘‘yellow” plate on 103-E emulsion with No. 12 
minus-blue filter, and one blue plate on 103-O emulsion without a filter. All the plates 
were taken by Jose and Foster. The yellow plates were then sent to Minnesota for identi- 
fication of the proper-motion star, and the color index was determined by estimating the 
relative color excess of the proper-motion star compared with from 5 to 10 stars of about 


TABLE 1 


CORRECTION FOR MAGNITUDE AND GALACTIC LATITUDE 
(Average Color Index of Comparison Stars) 
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the same magnitude. For some of the brighter stars it was not always possible to find 
even 5 comparison stars of the same brightness; consequently, the color indices of these 
brighter stars are less accurately determined than those of the fainter stars. 

The color excess was estimated independently by all three of us. It should be empha- 
sized, however, that Luyten’s estimates are based upon a comparison of the Tucson yel- 
low plate with a positive print of the blue Harvard plate on which the proper-motion 
star was found, whereas the estimates by Jose and Foster were made by comparison of the 
yellow and blue plates taken with the Steward reflector. Luyten’s estimates, therefore, 
should be considered as less accurate and probably less systematically correct than those 
made by Jose and Foster. The fact that, on the whole, the three sets of estimates are in 
close agreement gives confidence in the results, and in Table 2 only a simple average color 
index is given. The values thus obtained are only relative colors, and to them a correc- 
tion must be added to convert them to real color indices. The amount of this correction 
depends upon the star’s magnitude and galactic latitude. The values used are given in 
Table 1. 
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| 
Name | a (1900) 6 (1900) Mog B p° IC 

mag. 
L 1223-50..........] 22589 +10° 15’ 13.7 0"25 ae ee 
1228-32... ......5. | 23 01.4 12 02 13.3 31 my. ta 
L1150-71..........] 23 04.3 6 29 12.4 35 90 0.9 
a) eee | 23 18.4 15 02 13.5 Al 181 1.4 
tS); | 23 23.5 31 46 14.0 46 70 1.2 
a ee | 23 27.3 33 08 16.0 48 81 1.5 
+33°4737..........| 23 29.6 33 20 11.0 40 | 67 0.6 
Lassae......>..:| Bako 32 02 14.0 a > 2 1.4 
L 1512-34... | 2338.9 | +431 59 14.1 02 | 0.2 


It is estimated that the final color indices thus obtained are subject to an accidental 
probable error not exceeding 0.16 mag.; a systematic error arising from the fact that in 
obscured regions the mean color index of the comparison stars may be considerably 
greater than the values adopted may well exist in some of these, and many stars here indi- 
cated to be only of color class g or k may actually be ordinary M dwarfs. 

The final results are presented in Table 2, the different columns of which, give in order, 
the star’s designation by the numbers in Luyten’s system of identification or the BD 
numbers when known, the right ascension and declination for 1900, the photographic 
magnitude, the proper motion, the direction of motion, and the adopted color index. 

A few stars whose colors appear to be definitely whiter than anticipated may be singled 
out again for further discussion; data for these stars are given again in the accompanying 
table; some of them have been announced before.t Some of the stars relisted here will 

















Name | a (1900) 5 (1900) Mpg IC 
5 eee | = h30m5— 1°21’ 16.0 0.3 
2 eae | 441.6 32 59 13.7 5 
aS eee | 6 04.4 42 12 13.3 5 
Lt226,....... | Ces 17 46 12.9 — 5 
Liese4......... | 6 20.4 66 29 12.0 3 
L 1405-40........... } 11 45.1 25 52 15.9 A 
oS eee | dh-Sh.6 18 56 15.8 2 
A eee | 19 07.8 6 34 12.8 3 
a ee 19 39.5 8 40 14.1 1 
a Ee * ees 23 38.9 31 59 14.1 0.2 





probably prove to be ordinary M dwarfs situated in obscured regions. L 1455-23 is one 
of these. L 1244-26 is the bluest star we have found and is almost certainly a white dwarf. 
For L 1512-34, Vyssotsky has determined a spectral class of A. Stars L 1011-71, L 1405- 
40, L 1261-24, and L 1140-73 may be white dwarfs. The other stars, in so far as they are 
not M dwarfs in obscured regions, will probably prove to be “intermediates” rather than 
white dwarfs. It is hoped that observers who have access to powerful spectrographic 
equipment will soon determine the spectra of these doubtful stars. 


' Harvard Announcement Cards, Nos. 681, 691; and Ap. J., 99, 244, 1944. 
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ON THE RADIATIVE EQUILIBRIUM OF A STELLAR ATMOSPHERE. V 


S. CHANDRASEKHAR 


Yerkes Observatory 
Received October 30, 1944 


ABSTRACT 
In this paper the methods developed in earlier papers are extended to solving the problem of radiative 
transfer in curved atmospheres, i.e., to solving the equation of transfer 
ol 1—,oal . +1 
— +—- > = -«k } Id 
Ko 7 + xpI + xp f My 


where xp is a function only of r. After outlining a general method for replacing this partial integrodifferen- 
tial equation by an equivalent system of 2 linear equations in the mth approximation, the most conven- 
ient forms of the equations for the first two approximations are found. The equations of the second ap- 
proximation for the astrophysically important case xp « r~” (nm > 1) are explicitly solved and found to in- 
volve quadratures over Bessel functions of purely imaginary arguments. For the case m = 2 the solutions 
have been found in their numerical forms. Finally, the physically interesting case of diffusion through a 
homogeneous sphere is also considered. 


1. Introduction.—lIn the earlier papers of this series' an attempt has been made to pre- 
sent the solutions to the various plane problems of radiative transfer in the theory of stel- 
lar atmospheres in forms which would enable one to derive results to any desired degree 
of accuracy without much difficulty. In this paper we propose to extend this discussion 
to include the case of the radiative equilibrium of “extended atmospheres” in which it is 
not permissible to ignore the curvature of the outer layers. First approximations to the 
solution of this latter problem in curved atmospheres have been given by N. A. Kosirev? 
and the writer.* But all attempts to improve on the “first approximations” given by 
these writers have so far proved unsuccessful.* However, in view of the fact that the 
theory of extended atmospheres is finding increasing applications to a variety of practi- 
cal problems,° it would appear worth while to re-examine the basic problem with a view 
toward developing systematic methods of approximation for obtaining solutions of 
higher accuracy. This is the object of this paper. 

2. The reduction of the equation of transfer to an equivalent system of 2n linear equations 
in the nth approximation.—Let r denote the distance measured outward from the center of 
symmetry of the atmosphere and # the angle measured from the positive direction of 
the radius vector. The equation of transfer which we have to deal with is 
oI snvdol _ 
on ae 
where J, x, and p have their usual meanings. Writing yu for cos &, we can re-write equa- 
tion (1) in the form 

a) 1—,? ol +1 
port - p= Ke the f I(r, u)du. (2) 


1 Ap. J., 99, 180; 100, 76, 117, and 355, 1944. These papers will be referred to as “I,” “II,” “III,” and 
“IV,” respectively. 
2 M.N., 94, 430, 1934. 


3S. Chandrasekhar, M.N., 94, 444, 1934; see also Proc. Cambridge Phil. Soc., 31, 390, 1935, and Russian 
Astr. J., 11, 550, 1934. 


‘Cf. L. Gratton, Soc. astr. italiana, 10, 309, 1937. 
® See F. L. Whipple and C. Payne-Gaposchkin, Harvard Circ., No. 413, 1936, and C. Payne-Gaposch- 
kin and Sergei Gaposchkin, A p. J., 101, 56, 1945. 


cos 3 —xpl+hxp f I(r, 3)sin odd, (1) 
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According to the ideas developed in papers II and III, we replace the integral which oc- 
curs on the right-hand side of this equation by a sum according to Gauss’s formula for 
numerical quadratures. This permits the replacement of the integrodifferential equation 
(2) by a system of linear equations which in the nth approximation is 


) 
rig DS ze = —xpl,;+4xprta;l; G=+1,...., 4), (3) 
a Ou B=h; 


where we have used /; to denote J(r, u;). Further, as in papers II, III, and IV, the y,’s 
are the zeros of the Legendre polynomial P2, («) and the a;’s are the appropriate Gaus- 
sian weights. It is at once seen that our present system of equations (cf. eq. [3]) differs 
in an essential way from those which occurred in our earlier studies on the plane prob- 
lems; for equation (3) now involves (0//0u),<,,;, and before we can proceed any further 
we must know the values which we are to assign to 0//dy at the points of the Gaussian 
division pw; in our present scheme of approximation. At first it might be supposed that 
the assignment of values to 0J/du at w = wi, t = +1,...., +2, is largely arbitrary, 
particularly when x is small. However, on consideration it appears that this assignment 
can be done in a satisfactory manner in only one way and,-indeed, according to the fol- 
lowing device: 
Define the polynomials Q,,(«) according to the formula 


Py (u) = —Ee (m=1,...., 2m), (4) 


and adjust the constant of integration in Q,, by requiring that 
0,=0 for [uj =1. (5) 


This can always be accomplished, since when m is odd, Q,, is even, and when m is even, 
the indefinite integral of P,,.(u) already contains (1 — yu’) as a factor.® The first few of 
the polynomials Q,,(u) are given in Table 1. 




















TABLE 
m Pr(u) Qm(u) 2. (u) 
: Caper Ai og 3(1—p?) } 
Bisse gags 3(3u?— 1) 2u( — gi) 3H 
Sede ae 2(Su?— 3p) 4(5p2 > )0~x*) §(Su?— 1) 
eee, 1(35u4—30u2-+3) 4u(72—3)\1—u) 1 u(7u2—3) 
5.2.2.2...) §(63p5— 703+ 15y) fy (21u4— 14u?+1)(1—p?) fs (21.4— 14y?+1) 


Now by an integration by parts we arrive at the identity 


+1 ol We | +4 
i On (mu) a7 du p= - fo I du= fo IP... (mu) dy. (6) . 


Expressing the first and the last integrals in equation (6) as sums according to Gauss’s 
formula, we have in the mth approximation 


240m (ud (57) (= 2aT Pm (as) (may ..ey 2m). (1 


Equation (7) provides us with exactly ie right number of equations to express 


6 Actually, Om (u) = [(Pm-1 — Pm+1)/(2 uw + 1)] + constant. 
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(01/Op)y—u;, 1 = +1,...., +0, as linear combinations of J;.’ Accordingly, equations 
(3) and (7), together, provide the required reduction of the equation of transfer (2) to 
an equivalent system of linear equations for the /;’s in the mth approximation. 

For purposes of practical solution it appears most convenient to combine equations 
(3) and (7) in the following manner: 

Since we have arranged Q»(u) to be divisible by 1 — yu’, we can clearly write 


On (u) = Qn (ue) (1 —p?). (8) 


The first few of the polynomials 9,,(u), defined according to equation (8), are also listed 
in Table 1. 
Now multiply equation (3) by a:2(ui) and sum over all 7’s. We obtain 


1 1 ol 
Fo 2AM Ru (wd) LAG BAH) Qu (Md (SE) = — KpBa Mn (HTs | og 
b=h; 
Lx p(Za,J;) (2a;Q,, (ui) ] (m= 1,...., 28). 
But, according to equations (7) and (8), 
2 al or 
Bas(1 wi) Qn(ud(S-) = Zan (wi) (F 
Hi) Rm (i) Op /u=n; Om (us) Op) u=n; (10) 
Fa = 2aPm (uidl;; 
and equation (9) reduces to 
d 1 
Tp wa itiQm (mi) Li A> ZaPy (mi) Li = — xpra;Q9,,(u:) 1; (11) 
+3xp(Za,J;) [Za;Qn (ui) | (m=1,...., 2m”), 


which is the required system of linear equations in the mth approximation. 
Equation (11) for the case m = 1 admits of immediate integration. For, when m = 1, 


Pi(u) =u and Qi(u) =3, (12) 
and equation (11) yields 
1 d y .. pe 
. ue 2D gp weil ty Zemil = 0. (13) 
Accordingly, 
ai en. 463 
ao pli 2 72? 


where Fo is a constant of integration. Equation (14) is the expression in our present ap- 
proximation of the flux integral a ~ 
F=2f" Iudu=, (15) 
aa r? 
which the equation of transfer (2) admits directly. 
Again, since 2,,(u) is odd when m is even, equation (11) reduces for even values of m 
to the form 


d 1 
Tp wtih Xm (Mi) Lite ZaPp (us) I;= —xpta;Q,, (ui) 1; 
r r (16) 
(sem 2,4, ...+5 20). 


_ 1 Essentially what eq. (7) allows is to determine in a “best possible way”’ the derivatives of a function 
in terms of its values at the points of the Gaussian division. This problem has apparently not been con- 
sidered before. 
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For m = 2n the foregoing equation further simplifies to 


d 7 
Tp Uti Qen (mi) [;= — KpXa;Q», (ui) Ti, (17) 
since the y,’s are by definition the zeros of the polynomial P2,(u). 
Finally, for further reference we may note here the explicit forms of equation (11) for 
the first few values of m. Using the definition of the polynomials P,, and 9, given in 
Table 1, we find 


. Ee 

qr wtih i ts Zam, =0, (18) 
ee eS ae Oe (19) 

ago i pore Yi coe KPad;pjl;, 

d . > 3 . 4 = 2 a * 2 
Fp a ibi (Swi — WY) Ti + Sains (Swi — 3) Ti = — $a pha; (3u;—1)1;, (20) 

d : 2 ~ 2 1 _ ~- 4 2 + ~ 2 
Tp eoibi (Tai — 3) Ti FZ ai (35m; — 30mi + 3) 15 = — we pZaius (Tmi — 3) Ti, (21) 


et cetera. 
3. The first approximation.—In the first approximation we consider equation (11) 
for m = 1 and 2 only, with (cf. II, eq. [33]) 





1 
g,=a-,=1 and halle aoe tae 1 (22) 
We have (cf. eqs. [14] and [19]) 
V3 F 
1,-I4=->-3 (23) 
and 
ET ea ee OTe ee ae (24) 
gg et = ne gE. 
Combining equations (23) and (24), we have 
d 3 F ial 
sath yard) = aq Kp. (25) 
Hence, ie 
eu kpdr , _ : 
LtIa=5hof 3 +constant , (26) 


where r = R defines the extent of the atmosphere. The constant of integration in equa- 
tion (26) is determined by the condition that J_1 = 0 at r = R, In this manner we ob- 
tain for the source function J the solution 





3%; 3 ® xpd 
Foch +t p= SP By em f° see (27) 


which is to be compared with the solution given earlier by Kosirev® and by Chandra- 
sekhar.® 

For an atmosphere which extends to infinity we should require that both J; and J_1 
tend to zero as r—» ©. In this case the solution for J reduces to 


3 @ xkpdr 

J=ihf 28 
Ay 9 a; (aim 

8 M.N., 94, 430, 1934. See particularly eq. (8) in this paper. 

*M.N., 94, 444, 1934. See eqs. (49)-(51). 
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or, alternatively, 


inch &. (29) 
+ er Fs 


where + denotes the radial optical thickness. It is in the form (29) that the solution to 
the problem of the extended atmospheres has been used in practice. 

4. The equations for the second approximation.—In the second approximation we 
choose for the u,;’s the zeros of P,(u) and for the a,’s the appropriate Gaussian weights 
(II, eq. [38]). The equations which we have now to deal with are (cf. eqs. [14] and 
([19]-[21]) 

1 Fy 


Zaimili= zr: (30) 
d ys 2 a. 2 Sy 3 
Gp eam i ts Zoi (Sui 1) Ti = — «pda, (31) 
oi. 2 4, ce 2 <  e 2 
Tp wait (Swi — 1) Ti Fe Sains (Sui — 3) Ti = — §xpra;(3n;—1)7I;, (32) 
and 
Sau’ (Tut — 3) 1s — xp2aim, (Tut —3) Ly. (33) 


The foregoing equations can be written more compactly in terms of the quantities J, H, 
K, L, and M, defined as follows: 


Dali=J; F2au'li=L, | 
| 
1Ya jl ;= i - 1¥a,i1,;=M ° ( (34) 
pLa mil: = K ; 
We have 
1 Fy 
=—- 34! 
H Zy? (347) 
GK lige _z) = —xpH, (35) 
dr r 
d 4 . A 
gz ob — HH) +I(SL— 3H) = —§ xp (3K —J), (36) 
and 
<(7M ~ 3K) = —xp(7L—3H). (37) 


Equations (35)-(37) provide us with three equations for the four unknowns J, K, L, 
and M. However, in our present approximation we can express M linearly in terms of 
J and K; for, since the y,’s (i = +1, +2) are now defined as the zeros of P4(y), we have 
identically 


La;Py(ui)I,=0, (38) 
or, substituting for P4(u), we have 
Ya; (35ut—30ui+3)7;=0. (39) 


In other words, 


35M —30K+3J=0. (40) 
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Accordingly, 


1M —3K=3K —3/, (41) 


and equation (37) becomes 


£ (3K -4J) = —xp(7L—3H). (42) 


Equations (34)-(36) and (42), together with the relevant boundary conditions on the 
I;’s, make the problem determinate. 

We now transform equations (35), (36), and (42) to more convenient forms. Letting 
X and Y stand for 


X=3K—J and Y=5L-3H, (43) 


we can re-write equation (35) as 
dK =x. F 
a oped, (44) 


where we have substituted for H according to equation (34’). Equation (44) can be for- 
mally integrated to give 





Kis -f x i © J ll (45) 
r 4 y* 
Considering next equation (36), we obtain, after some minor reductions, 
eo: 4S ast cies a 
ea . Fi Y= —3xpX +7. (46) 
Again, since 
3K —8J =8K+3(3K—J) =8K4+2X, (47) 
equation (42) is clearly equivalent to 
dK , dX : 
oe tel Bnd ee Se he 
ee a ae $xkp(7L—3AH). (48) 


We can eliminate dA /dr from this equation by using equation (44). We obtain, in this 
manner, , 
di @2 


dr r 


X= —ijx«p!Y. (49) 


Equations (46) and (49) provide us with a pair of simultaneous equations for X and Y. 
These equations can also be written in the forms 


9. BFS ‘ : 
ae 5)= —jxpl (50) 
and id F 
a gp hE) = —bapt +2. (51) 


From these equations we can readily eliminate X or Y to obtain a single second-order 
differential equation for either of them. We shall not perform this elimination at this 
stage, since to solve any of these equations we need a prior assumption concerning the 
dependence of xp on r. 

5. The solution in the second approximation for the case kp « r~™, when n > 1.—In 
terms of the radial optical thickness defined by 


dr= —xpdr, (52) 
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the equations of the second approximation derived in the preceding section (eqs. [45] 


[46], and [49]) become 
K=f'x 43K fF, (53) 


’ 








dX 2 

Farr ieiet (54) 
and 

dV 4 PB Eis -- 

dt  xpr sia ng kpre oo 


We shall now show how the foregoing equations can be solved in the case where xp is 
assumed to vary as some inverse power of r. Suppose, then, that 


Kp=cr™, (56) 


where‘c isa constant. For a dependence of xp on r of this formand u > 1 we can define the 
optical depth 7 measured from r = © inward; for in that case the integral 


r= [ «pdr, (57) 
converges, and, in fact, we have 
C 1 
ea as (n> 1). (58) 


For n < 1 the integral (57) diverges; but, as these cases have no astrophysical interest, 
we shall not consider them here. 
From equations (56) and (58) we obtain the relations 


kpr=(n—1)r (59) 


‘ =). (60) 
r 


where R denotes the distance at which 7 = 1. Using these relations in the equations (53), 
(54), and (55) and measuring the various quantities J, H, K, L, X, and Y in units of 
Fo/R? (i.e., in units of the emergent flux at r = R), we obtain the equations 


and 





n—1 
7 (nt1)/(n—1) 

K=— fxs +7ETH . (61) 
dX 2 a> uP 
Pas re X= fY, (62) 

and 

ay 4 : 1 
ress eich mapeicicieeaes Wl Spt Ne acre A 3 
Pa Ns Se oa ae Sse 


It will be noticed that in the integral occurring in equation (61) we have set the lower 
limit for 7 as zero. This is in accordance with the requirement that, since the atmosphere 
now extends to infinity, all the quantities must vanish at r = ©, i.e., at r = 0. 

Eliminating Y between equations (62) and (63), we find for X the differential equa- 
tion 


a?X 2 dX 2(n+3) 7 cei 
ee = 3 >, ee o—n)/\n P 6 
dr> (n—1)rdr (n-—1)??r? t=" ~ 3(n—1) F (64) 
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With the substitutions 


z= qT (q= V35/3=1.9720), (65) 


and 
X = MHVAM—1) f = grMt1)/2m-1) g (m4 1)/2"—1) f(g) , (66) 


we find that equation (64) can be brought to the form 


pot ot sty) f= —k gett (67) 
where we have written 
n+5 3-—n 
OE 1b Se a et, 68 
ek | eae Es be sais 
and 
5 7 (n+1)/2(n—1) 6¢ 
a iT? (n - — -1) i con 


The accompanying short table (Table 2), giving the values of vy and yu for a few values of 
n, may be noted. 


TABLE 2 











| ps ss ES ee Seeman 
eee Tee ° Sea 20 | © 
eS as} 23 Rey 15 | —1/6 
hp el pene 5.0 1.0 i (eRRee Sea 10 | —1/3 
i es 3.5 0.5 © CY p/2 | —1/2 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 


Before proceeding to the solution of equation (67) we may observe that, if @ be de- 
fined as the solution of 


S422 (sttyg= — ot, (79) 





ol of 


we have, according to equations (66) and (69), 





X = qr @ty/n-1) ___* gmt) /2m—Ng(z) , (71) 


Substituting this solution for ¢ in equation (61), we obtain 
K = ” Nitti il — Jf 8-20-09 (2) dz Peat... gin) /(n—1) : (72) 
3(n —1) 246 4(n+1) 


Moreover, since 3K — J = X, we have for the source function J the solution 
J = qumtn-1) [—..; J. (3—0)/2—-) 6 () d 
= qa(n ta= g(3—n 2(n— 2) 
q (n —1)?/o ¢ 
7 3(n—1) 


__ g(nt1)/2n-1) gg (g) OSB A? 
err ee ee 


(73) 





g(nt1)/(n—-}) i 


It now remains to solve equation (70). 
First, it will be observed that the homogeneous part of equation (70) is simply Bes- 
sel’s equation for a purely imaginary argument. The general solution of the homogeneous 
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equation is, accordingly, known and can be expressed as a linear combination of the 
fundamental solutions /,(z) and ,K,(z).!° The solution of the nonhomogeneous equation, 
therefore, can be found most conveniently by the method of the variation of the param- - 
eters." Thus, writing 


$= A(s)I-(s) +B(s) Ko(s), (74) 


we determine the functions A(z) and B(z) by the equations 


A'(z)I,(z) +B’(z) K,(z) =0 (75) 
and 
, oT 76 
A’(2)I,(2s) +B’(2) K,(2) = — 27! . (16) 
where we have used primes to denote differentiation with respect to the argument. Using 
the relation (Watson, p. 80, eq. [19]) 


, , P 1 
T,(s) Ky(z) —I,(s) Ky(s) = —-, (77) 
we readily find from equation (75) and (76) that 
A’(zs) = — 2#K,(z) and B'(z) = #I,(z). (78) 


Hence, 


A(s)=f'#K.(s)ds and B(s)= f #1,(s)ds, (79) 
where c; and cz are constants unspecified for the present. The general solution of equa- 
tion (70) can, accordingly, be expressed in the form 


on Ia) ['#K,(s)dst+Ke(s) fo vl (s)ds. (80) 


For the problem on hand the arbitrary limits c; and cz in the general solution (80) are 
determined by the following considerations: 

First, since none of the quantities must tend to infinity exponentially as s — , we 
must require that c, = © in equation (80). This readily follows from the known asymp- 
totic behaviors of /,(z) and K,(z) as 3—> ~ (cf. Watson, § 7.23, p. 202). Second, the 
vanishing of all the quantities as s — 0 requires that (cf. eq. [71]) 


g(n+1)/2"—1) 6 (¢) 0 (z—0). (81) 


But K,(z) diverges at the origin, and condition (81) can be met only by setting cz = 0. 
Thus the solution for ¢ appropriate for our problem is 


= T(z) fo Ky (2)d2+Ki(2) fw, (2)de. (82) 


With this we have formally solved the equations of the second approximation for the 
case kp « r-”, where n > 1. 


10 We shall adopt, throughout, the definitions and notations of G. N. Watson in his Treatise on the 
Theory of Bessel Functions, Cambridge, England, 1922. In our further references to this work we shall sim- 
ply refer to it as “Watson.” In our particlar context see pp. 77-80. 

'! The treatment of Lommel’s equation 


dty , FY oes 
Tn + a7 + (2? — v*)y = kewtt 


in Watson, § 10.7, p. 345, is followed in our discussion of eq. (70). 
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6. The numerical form of the solution for the case xp « r~*.—As an example of the 
solution obtained in the preceding section, we shall consider the case xp « r~*. For this 


case the solutions for X, J, and K given in § 5 (eqs. [71]-[73]) become 


X= —37 42376(2 i. 


<sddiibwenacd: (83) 





= 98 [7 f 299 (2) d2—§2976(2) +429], 
where it might be recalled that 
2= qT and g=—,— = 1.972. (84) 


Moreover, when 2 = 2, v = $and uw = 3 (cf. Table 2); and the solution (82) for @ takes 
the particular form 


= Ii. "a8 Kap (2 dz+ Kip(z "22Tae (2) ds. 85 
o=Tin(s) fo Kin(2)d2+ Kial2) fo 2Iia(2) (85) 
The Bessel functions J7/2(z) and K7/2(z) are known explicitly, and we have (cf. Watson, 
p. 78) 
2\12 15 rh 

T7/2 (2) =(=) [ (1+) cosh s — (2-4-3) sinh s| (86) 

and 
1/ 2 
Kin(s) =(2)e*(142+34+2). (87) 


Accordingly, we can re-write equation (85) in the form 


6-sal[(+S cosh s — (© +—2)sinh s Te (1484-23 S+—2)ds | 
(88) 
+e-e(14 2423422) f"[(1 +B )cosh s —(2+—3)sinh « | 


It is seen that the first of the two integrals in equation (88) can be expressed in terms of 
known functions. We have 


” S e935 3. 33 aie: 
fre (1484343) dre ett) iil), (89 
where EFi(z) stands for the exponential integral 


Ei(z) = {> dt. (90) 





The functions g°X, g°K, and q*J, defined as in the foregoing paragraph, have been 
evaluated numerically for a range of values for z; and the results are given in Table 3.” 
For comparison we have also tabulated the function 2°/4, which is the solution for g*J in 
the first approximation (cf. eq. [29]). It is seen that the second approximation introduces 


12 T am indebted to Miss Frances Herman for carrying out the necessary numerical work. 
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corrections to the extent of about 10 per cent. In view of this, it would be of interest 
further to examine the solution given in $5 for other values of m. The case of nm = $ 
would be of particular interest. 

7. Diffusion through a homogeneous sphere.—The discussion of this case, while it has 
no special interest for astrophysics, is, however, likely to be of importance for problems 
of diffusion in physics.'* But, apart from possible applications, the consideration of this 














TABLE 3 

pr | 

5 | gx | gK gJ | 173 Zz gx @K gl 323 

0. | 0 | 0 0 0 2.8..| 2.5081 | 2.8719 | 6.1075 | 5.4880 
0.1...) 0.0002322) 0.0001605) 0.0002500! 0.00025 || 2.9..; 2.7048 | 3.1664 | 6.7944 | 6.0973 
OZ... 0.0018377| 0.0012825} 0.0020097; 0.00200 || 3.0..| 2.9068 | 3.4791 | 7.5304} 6.7500 
0.3..| 0.0061122) 0.0043092) 0.0068154 0.00675 || 3.1..| 3.1137 | 3.8103 | 8.3172 | 7.4478 
0.4..| 0.014237 | 0.010158 | 0.016238 | 0.01600 |} 3.2..| 3.3254 | 4.1606 | 9.1564} 8.1920 
0.5..| 0.027265 | 0.019718 | 0.031890 | 0.03125 || 3.3..| 3.5414 | 4.5303 | 10.0494 | 8.9843 
0.6..| 0.046111 | 0.033844 | 0.055420 | 0.05400 || 3.4..| 3.7617 | 4.9199 | 10.9979 | 9.8260 
0.7..| 0.071559 | 0.053357 | 0.088512 | 0.08575 || 3.5..| 3.9858 | 5.3297 | 12.0033 | 10.7188 
0.8..| 0.10426 | 0.079047 | 0.13288 | 0.12800 || 3.6..| 4.2136 | 5.7603 | 13.0671 | 11.6640 
0.9..| 0.14475 | 0.11167 | 0.19026 | 0.18225 || 3.7..| 4.4448 | 6.2119 | 14.1910 | 12.6633 
1.0..| 0.19345 | 0.15195 | 0.26241 | 0.25000 || 3.8..| 4.6792 | 6.6852 | 15.3763 | 13.7180 
1.1..| 0.25067 | 0.20059 | 0.35109 | 0.33275 || 3.9..| 4.9165 | 7.1804 | 16.6246 | 14.8298 
1.2..| 0.31661 | 0.25824 | 0.45813 | 0.43200 || 4.0..| 5.1565 | 7.6979 | 17.9373 | 16.0000 
1.3..| 0.39146 | 0.32557 | 0.58523 | 0.54925 || 4.1..| 5.3991 | 8.2383 | 19.3159 | 17.2303 
1.4..| 0.47522 | 0.40317 | 0.73429 | 0.68600 |} 4.2..| 5.6440 | 8.8019 | 20.7618 | 18.5220 
1.5..| 0.56792 | 0.49165 | 0.90703 | 0.84375 ||} 4.3...) 5.8911 | 9.3892 | 22.2766 | 19.8768 
1.6..| 0.66950 | 0.59158 | 1.10524 | 1.02400 || 4.4..] 6.1401 | 10.0006 | 23.8617 | 21.2960 
1.7..| 0.77985 | 0.70352 | 1.33072 | 1.22825 || 4.5..| 6.3909 | 10.6365 | 25.5184 | 22.7813 
1.8..| 0.89876 | 0.82800 | 1.58525 | 1.45800 ||} 4.6..| 6.6434 | 11.2973 | 27.2484 | 24.3340 
1.9..| 1.0261 0.96556 | 1.8706 1.7148 4.7..| 6.8975 | 11.9835 | 29.0529 | 25.9558 
2.0..} 1.1616 1.1167 2.1884 2.0000 4.8..| 7.1528 | 12.6954 | 30.9334 | 27.6480 
2:1..1- 2.3058 1.2819 2.5405 2.3153 4.9..| 7.4095 | 13.4336 | 32.8914 | 29.4123 
2.2, «| be aoee 1.4616 2.9286 2.6620 5.0..| 7.6672 | 14.1985 | 34.9283 | 31.2500 
2.3..| 1.6148 1.6564 3.3545 3.0418 5.1..| 7.9260 | 14.9905 | 37.0454 | 33.1628 
2.4..| 1.7805 1.8667 3.8197 3.4560 5.2..| 8.1856 | 15.8100 | 39.2443 | 35.1520 
2.5254 A SOee 2.0930 4.3259 3.9063 5.3..| 8.4461 | 16.6574 | 41.5263 | 37.2193 
2.6...) 2.3539 2.3356 4.8749 4.3940 5.4..| 8.7072 | 17.5333 | 43.8928 | 39.3660 
2.73.) Beaeee 2.5951 5.4682 4.9208 5.5..| 8.9690 | 18.4381 | 46.3453 | 41.5938 



































case is of definite interest, inasmuch as it provides the simplest illustration of the use of 
the equations of the second approximation obtained in § 4. 
For a homogeneous sphere we naturally assume that 


k p = constant = xo (say). (91) 


As ko is of dimensions (length)~ it is convenient to measure length in units of 1/x 9 and 
intensity in units of Fox? (i.e., in units of the emergent flux at r = 1/ko). In these units, 
equations (45), (46), and (49) now reduce to the forms 


ys 1 

"= — — ated ¢ 

K f dro, (92) 
rk age | + ih 
adr r- asia i (93) 

and att ; 

Oe de Wi a ¢ 
arts Y= -iX+5. (94) 


13 Cf. W. Bothe, Zs. f. Phys., 119, 493, 1942. 














106 S. CHANDRASEKHAR 





Eliminating Y between equations (93) and (94), we obtain for X the differential equa- 














tion ,é x ts 
( 7 , 
r- st Ae 5 i ees ( 
+2 2 Xr' 3p" (95) 
Making the substitutions 
gm x2 r (96) 
and 
X = g7WV2y , (97) 
we find that equation (95) is transformed to 
, dy dy se ae? Rae 
2 Pi A Pe) eS. gal? , ¢ 
We verify that 
Li a= 
Slee a (99) 


represents a particular integral of equation (98); and, as the homogeneous part of this 
equation is Bessel’s equation of order $ for a purely imaginary argument, we can write 
the general solution of equation (98) in the form 


y = —— 22+ Als (2s) +BKsy (2), (100) 


where A and B are two constants to be determined by the boundary conditions appro- 
priate to the problem on hand. At this stage we can determine the constant B. For, 
as 3— 0, 


1/2 
Kys(s) 3 (5) 5-5/2 50): (101) 


and this is seen to be too high an order for the singularity at the origin. But by choosing 
1/2 7 Z| 35 
--(- ys — (102) 


we can lower the order of the singularity at s = 0 by one to z-*”; for, with this 
choice of B the term in s~*” in K5/2(z) cancels the particular integral (99). Accordingly, 
we write for ¢ the solution 


1/2 
_ es 2-2 (=) i bei i dtighid: (103) 


where A is a constant to be determined later by conditions at the boundary of the 
sphere. 
Corresponding to the solution (103) for y, we have 


ee ee is 2" fs + 








X = 2“? Ksyo(s) tAz-V*Ise(2). (104) 


Equation (93) now enables us to determine Y;; for, oa this equation in the form 


Y= -7ne 2 —(4)=- (5 (105) 
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and substituting for X according to equation (104), we find that 
Y=5L-—3H 


( 
1/2 (106) 
= 19°27 ‘_(<) $2? Kia (sz ee As Aly (s). | 


In obtaining the foregoing result we have made use of the recurrence relations satisfied 
by the Bessel functions (cf. Watson, p. 79, eq. [67]). 

Again substituting for X in equation (92) according to equation (104), we similarly 
find that 


1/2 
K= ue 3 -(5) is 2-32 K5(z) — A2-3I5 (2) 
V35 
122 


(107) 


+ +C, 


where C is another constant of integration. Finally, remembering that J = 3K — X, 
we obtain for the source function J the solution 


1/2 
c= (=) es 2-9/2[3Kse(z) —3K3e(z)] —Az-*2[ 2152 (2) 


+ 3lan(2)] + 22430. 


(108) 


With this we have explicitly solved all the equations of the second approximation for the 
case under consideration. It only remains to determine the two constants of integrations 
A and C. These can be determined by the conditions at the boundary of the sphere, 
namely, that here both J_; and J_2 must vanish. But we shall not continue here with the 
details of the elementary calculations necessary for the determination of these constants. 
We may, however, note that for the case of an infinite homogeneous sphere the con- 
stants A and C must vanish and that the solution for J reduces to 


/2 ‘04 
=(=) : 2-32 (g Ky, — 3K yn) rs (109) 


or, substituting for Ks/2 and K3,2 their known explicit forms and reverting to the origi- 
nal variable r, we find 





= 1+ efeey, (110) 


which is to be contrasted with what would be obtained on the first approximation, 
namely, 


J= * (first approximation). (111) 


It is seen that in going to the second approximation we introduce a “correction” term 
which amounts to 14.5 per cent at r = 1 and which further decreases rapidly for in- 
creasing 7. 


I wish to record my indebtedness to Drs. J. Sahade and C. U. Cesco for their careful 
revision of the manuscript. 
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ABSTRACT 
A new spectrographic orbit has been determined for the eclipsing variable TX Ursae Majoris from 
120 McDonald Observatory spectrograms. The resulting elements are: P = 3.063 days, y = —16.5 


km/sec, K = 51.8 km/sec, w = 356°4 e = 0.029, and T = Phase 2.219 days after minimum light. The 
new eccentricity is in distinct disagreement with that determined by Pearce (e = 0.162) but is in good 
agreement with the photometric observations (e = 0.016). The new spectral classification of the second- 
ary star is F2. A sharp Ca 11 K line is observed during primary minimum, except at mid-eclipse, when the 
secondary star is seen. This line can be explained by light from the B8 component shining through the 
outer atmosphere of the F2 component. 


During the past decade, and especially during the past year, discrepancies have been 
noted in the spectrographic and photometric elements of a number of eclipsing variable 
stars. U Cephei,! SX Cassiopeiae,? and RX Cassiopeiae* are outstanding examples in 
which the photometric observations require that e cos w ~ 0, contrary to the spectro- 
graphic observations. These discrepancies are undoubtedly real and, in general, can be 
interpreted in terms of streams of gas between the two components. In more complex sys-_ ff 
tems, such as the Wolf-Rayet binary HD 214419,‘ different emission lines may give en- 
tirely different orbital elements. From published data there are other systems than those 
mentioned in which there is a pronounced discrepancy between photometric and spectro- 
graphic results. TX Ursae Majoris is a notable case, and, in many respects, the system is 
similar to U Cephei. 

TX Ursae Majoris was independently discovered in 1931 by Rugemer® and Schneller 
to be an eclipsing binary, although it was known by Pearce’ in 1925 to be a spectroscopic 
binary with an amplitude of the order of 100 km/sec. Rugemer® later published a de- 
tailed account of his photometric study in which he had the times of 31 mid-eclipses of 
the primary minimum over a period of 3754 epochs and was able to satisfy the minima 
with the formula 


Primary minimum = JD 2416426.784 + 340633175E 
+ 0.021 sin (0°09474 E+ 64°42). 


In 1936 Pearce® determined the spectrographic elements of this system from 32 observa- 
tions outside of principal eclipse and from 20 observations during partial eclipse, with the 


results that 
e= 0.188 and w= 265°7 . 


In 1938 O’Keefe"® observed, in addition to the primary minimum, a secondary minimum 
with a depth of 0.05 mag. Although the position of a minimum with this depth is not well 
determined photographically, O’Keefe concluded that 


ecosw= 0.022 , 


6 


in agreement with Pearce’s spectrographic results. 


* Contributions from the McDonald Observatory, University of Texas, No. 101. 

1Struve, Ap. J., 99, 222, 1944. 

* Struve, ibid., p. 89, 1944. 5 A.N., 242, 177, 1931. 8 4.N., 257, 349, 1935. 

3 Struve, zbid., p. 295, 1944. 6 4.N., 242, 180, 1931. 9 Pub. A.A.S., 8, 251, 1936. 
4Hiltner, Ap. J., 99, 273, 1944. 7R.A.S. Canada, 26, 382,1932. 1° Harvard Bull., No. 908, 1938. 
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TX URSAE MAJORIS 
Two years later Pearce"! published an abstract concerning additional spectrographic 
observations. The new results were 
e = 0.162+ 0.0043, 
w= 295°8+10°1 (T—1900) 
+ 4248+ 0°12. 


Hence it appeared that the eccentricity and w were well established and in agreement 
with the photometric observations. 

In 1942 Mrs. Gaposchkin™ discussed the change in period of TX Ursae Majoris, as 
determined by the observed times of primary minimum on Harvard photographic plates, 
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Fic. 1.—Velocity-curve of TX Ursae Majoris. Solid circles represent the velocities of the B8 star; 
crosses indicate the velocities of the F2 star. 
TABLE 1 


STAR LINES USED FOR RADIAL-VELOCITY DETERMINA- 
TION OF THE B8 STAR 








ee. 4k..< ...| 3797.90 || Hex..........| 4026.19 
ree 3035.30: 1 8... ea 
BB Gi stilew al 3889.05 || Hy | 4340.46 
EES SE 3933.68 || Her.......... 4471.48 
(A on ae | 3970.08 || Mgu......... | 4481.26 





and was able to verify Rugemer’s and Pearce’s period for the motion of the line of ap- 
sides. However, in combining the above observations with a photoelectric light-curve 


Pub, A.S.P., 52, 287, 1940. 2 Harvard Bull., No. 916,£1942. 







Plate 


cQ 


3344. . 
3345... 
3346. .| 
3347... 
3348... 
3320. .| 
ce 
S322. 
3323... 
3324. . 
S320... 
3285. . 
3286. . 
3287. . 
3288. . 
3289. . 
3259. . 
3290. . 
3260. .| 
3291... 
3292.. 
3293... 
3261... 
3294. . 
3543... 
3527... 
3528. . 
3486. .| 
3487... 
3488. . 
3489. . 
3460. . 
3461.. 
3462... 
3463... 
3464. . 
3426. . 
oa21 
3428... 
3391... 
3429. . 
3392... 
3393... 
3394. . 
3395... 
3359... 
3360. . 
3361.. 
3362... 
3334. . 
aan. 
3336. . 
S337 .. 
3338... 
3298. . 


| 





Date (U.T.) 


1944 
June 27.125 
27.150 
27.169 
27.185 
27.301 
24.419 
21.126 
21.130 
21.144 
21.156 
21.165 
18.120 
18. 
18. 
18. 
18. 
15: 
18. 
15: 
18. 
18. 
18. 
15.159 
18.238 
28.117 
25.110 
25.129 
16.112 
16.125 
16.138 
16.149 
13.121 
13.132 
13.143 
13.154 
.165 
St 
158 
171 


156 


July 


— 


ee eT TT ST 


126 


June 


153 
165 


ooooococoeeoscece|c/e|ce|cessssS 





Phase 


.052 
.077 


112 
.128 
.168 


.186 


209 
.218 
.237 
.250 
.261 
213 
285 
.296 
298 
303 
.312 
325 
339 
339 
5355 
0.410 
0.467 
0.486 


0.659 


0.672 
0.685 
0.696 
0.731 
.742 
753 
.764 
By i bs 
868 
.895 
.908 
913 
919 
926 
942 
960 
976 
.994 


194 
.218 


096 | 


179 | 


197 | 


010 | 
029 
046 
.182 | 
| —46.1 
206 | | 


231 | 
239 


Velocity 
of B Star 
(Km/Sec) 


—31. 
| —58 
— 68. 
—51. 
—47 
—37 
— 36. 
—724. 
—29.1 
—39. 
—34./ 
— 34. 
— 35. 
—45. 


—52 
—50.1 
—49 5 
—63. 
—56. 
— 44. 
—45. 
—41 
—41. 
—56. 
—46 
—58.1 
—61 
—60.8 
—59.5 
—72.3 
— 68.3 
—74.1 
— 68 
—65.3 
—71. 
—65.5 
—74.2 
—71. 
— 66 
— 67. 
— 57. 
—51. 
—67. 
—67. 
—66.2 
—58. 
—57.5 
—74. 
—50. 


i) 





—54, 
| —51.3 

—48.5 
—39.9 


—=51.3 
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Phase 


RADIAL VELOCITIES OF TX URSAE MAJORIS 
| 
F Star Plate Date (U.T.) 
| cQ 1944 

—22.5 || 3299..} June 19.134 
+ 4.3 || 3300. .| 19.146 
er || 3301. .| 19.158 
ees | 3302. .| 19.169 
a9 \| 3267. .| 16.117 

|. || 3303. .} 19.182 
Ree uae 1] 3268. .| 16.128 
_.|] 3269.. 16.141 

aa 3549._| July 29.106 

Ss pute || 3550. .| 29.117 
_ AL 3535. .| 26.106 
ee 3536. .| 26-116 
eae: 3495... 17.107 
eee 3496. . 17.118 
Lage my 3497... 17.130 
3498... 17.141 

2 lemeee 3499. . 17.151 
ingen ee 3500. . 17.162 
ih PS ah 3404. . 5.112 
Perey: 3405... 5.124 
eat ee \| 3406. . 5.137 
ee Om 5.150 
|| 3408... 5.163 

_..|| 3409. 5.176 

|| 3368. . 2.115 

Pe Aad '| 3369... 2.126 
_,..|| 3370. . 2.138 
mer he | 3371.. 2.150 
|] 3372. .| 2.164 

|| 3373. .| 2.177 
aobaieck || 3374. .| 2.192 
Be ot a | 3375.. 2.205 
_. || 3308. .| June 20.115 

7 ae '| 3309. . 20.124 
Sd a 20.133 
ik sin | 3311.. 20.142 
Ss ft aa. 20.151 
SS. 3276... 17.113 
“ele aay? ... 17.124 
PPR ORY 3278.. 17.135 
PEL 3314... 20.201 
Sie 3279.. 17.147 
Lkoe 3280. . 17.160 
a 3281... 17.174 
pete: 3282... 17.188 
aire oe 3557..| July 30.112 
ae 3558... 30.126 
a 3506. . 18.115 
yeti 3507... 18.126 
Lee 3508. . 18.138 
ee 3509. . 18.150 
Rates Pee 3474... 15.111 
Ree pie 3475. 15.124 
A oat 3476... 15.135 
Se Sedat 3477... 15.145 


.410 
463 
473 
.654 
.665 
.677 
.688 
698 
.709 
.912 
.924 
.937 
.950 
.963 
.976 
.978 
.989 


.673 
685 
697 
721 
. 734 
745 
755 
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Velocity 


of B Star| F Star 


| (Km/Sec) 


013 
027 





055 
068 | 
232 


241 | 
.250 
209 
.268 
.293 
304 
.315 
.318 
327 
.340 
354 


368 
405 
419 
662 
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TABLE 2—Continued 
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| Velocity | Velocity 
Plate Date (U.T.) Phase | of B Star F Star | Plate Date (U.T.) | Phase | of B Star| F Star 

| (Km/Sec) | | | (Km/Sec) | 

co | 1944 ~sC«| | | | cQ | 1944 | 
3478..| July 15.156 | 2.766 | +19.2]........ | 3416..| July 6.154] 2.954 | 414.7]........ 
3452... 12.127 | 2.800| + 6.9]........ || 3417... 6.176 | 2.976 | +12.6|........ 
3453... 12.142 | 2.815 | = <8 Se eee eee 3418. . 6.198 | 2.998 | + 8.7 Poser 
3454... 12.153 | 2.826 | + 9.5]........ 3382... 3.141 | 3.004 | + 0.1 | —15.3 
S415... 6.130):| 2930 | OB ences 3383. . 5 16R SORE Fas in Sears —40.1 








determined at the Steward Observatory by Wood,'* in which the secondary eclipse was 
observed, Mrs. Gaposchkin computed the eccentricity to have the small value of 0.015, 
in complete disagreement with that found by Pearce. 

Consequently, the system was placed on the spectrographic program of the 82-inch 
reflector of the McDonald Observatory for June and July, 1944. In the meantime, the 
time of minimum was determined at the Yerkes Observatory with the Fabry photom- 
eter. A primary minimum was observed on 1944, May 15.185 U.T. The time of minimum 
predicted by Rugemer’s formula is 1944, May 15.180 U.T. Since the period of TX Ursae 
Majoris is very nearly 3 days, it is necessary to observe the star for approximately 50 
days in order to cover the whole orbit. A total of 120 spectrograms were obtained during 
the interval from June 15 to July 30, 1944, with the quartz Cassegrain spectrograph at- 
tached to the 82-inch reflector of the McDonald Observatory. The dispersion is 40 A/mm 
at \ 3933. A total of 109 spectrograms was taken during maximum light and 11 were ob- 
tained at different phases during primary minimum. At maximum light only the primary 
star is observable. Its spectral class is B8—B9, with moderately diffuse lines. The spectral 
class of the secondary component is certainly not earlier than F2. The line Ca 1 3933 of 
the secondary star is strong and broad. Pearse" classified the secondary stars as A3. Ten 
lines, listed in Table 1, were used for radial-velocity measures of the B8 component. 

The phases of the spectrograms were computed with the formula: Primary minimum 
= JD 2431225.683 + 3.0633175 E, and have been corrected for the light-time from the 
earth to the sun. Table 2 contains the radial velocities determined from 120 spectro- 
grams, together with their dates and phases. The radial velocities obtained from the 
spectrograms outside of primary eclipse were arranged in 13 normal places (see Table 3), 
and the values (O — C) were computed for each spectrogram with the help of the pre- 
liminary elements. A least-squares solution was made, following the Schlesinger method, 
with modifications suggested by Sterne. A weight, proportional to the square root of the 
number of spectrograms, was assigned to each normal place. The resulting solution re- 
duced the value of 2Av? from 6648 to 4930. The probable error of a single observation 
is 4.97 km/sec. 

The final elements listed in Table 4 are not in agreement with those of Pearce. The 
value of w, listed under Pearce, was computed from the equation 


w= 295°8+10°1 (T—1900). 


The largest discrepancy is in eccentricity, but the difference of 5.6 km/sec in the velocity 
of the center of mass is disturbing. It is impossible at present to explain the large eccen- 
tricity of 0.162 observed by Pearce in contrast to the small value of 0.029 reported in this 
paper and which is in good agreement with the eccentricity of 0.015 reported by Mrs. 


13 Thesis, Princeton University, 1940. 
14 Pub. 4.A.S., 8, 251, 1936. 
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Gaposchkin."® According to the present observations, there is no pronounced discrepancy 
between spectrographic and photometric observations of TX Ursae Majoris. 

Plate II shows the spectrum of TX Ursae Majoris at different phases. The plate tak- 
en at full light, phase 0.942, shows only the B8-B9 component with moderately diffuse 
lines. At phase 0.128, when the light has decreased by approximately 0.5 mag., the spec- 
trum is still principally that of the primary star, except for a moderately strong and 
sharp Ca u K line. At phase 0.052 the Ca 0 K line is strong and sharp, and many weak 
metallic lines are visible. At phase 3.047 (—0.016) the spectrum of the secondary star is 
































TABLE 3 
NORMAL PLACES 




















No. Limits of Phase Mean Phase No. of O-C 
| Plates 
1 0.1680.285 | 0.224 11 —2.40 km/sec 
Zo caks. a) Me | Oa 1 oO —2.92 
‘Heine sees 0.659-0.775 | 0.720 9 —1.43 
. he ene ae 0. 868-1 .046 0.953 13 —0.97 
5 | 1/182-1.275 1.229 | 9 +4.07 
| 
G;.. 1.286-1.473 1.362 | 9 +4. 33 
.. 1.654-1.709 1.682 | 6 +9 .02 
Bhs ee 1.912-1.978 1.949 | 7 —2.61 
_ Re | 1.989-2.068 | 2.0288 | 7 | —3.23 
ee 2 .232-2 .304 2.264 7 —0.01 
| 
; | 2.315-2 .419 2.386 - } 8 —2.18 
| 2.662-2 . 734 2.695 | 6 —8 93 
| 2.745-2.826. | 2.78 {| 6 |. —9.18 
j | 
TABLE 4 
ORBITAL ELEMENTS OF TX URSAE MAJORIS 
- ; - 


Preliminary | Final Pearce 


hy | 


= 30633175 (assumed) ||... ... 2.50 ve ebm: pg nin cll amen ote a eee tae 
y=—15.0 km/sec y=—16.5+0.91 y=—10.9+0.16 km/sec 
K =54.0 km/sec K=51.8+0.82 K =54.3+0.20 km/sec 
w=0.0 | w=356°94+16°7 w=24°92+4°5 
e=0.05 | =(0.029+0.018 | e=0.162+0.0043 
To =Phase 2.344 | To=Phase 2.250+0.017 | bce ohne an et tears OP ha aie xebeers 
| 





clearly shown, in which the metallic lines are moderately diffuse and Ca 11 K is broad. 
The spectrum of the secondary star is approximately gF2.'° 

The behavior of the Ca 1 K line is distinctly abnormal, and it cannot belong to either 
the principal spectrum of the secondary star or the spectrum of the primary star. At 
phase 0.052 the wings of the K line of the secondary star can be seen on either side of the 
sharp component. The radial velocity of this line is given in Table 5, along with the ob- 
served rotational velocities of the B-type component. The velocity of the sharp Ca 11 K 


16 Op. cit. 
16 T am indebted to Professor W. W. Morgan for assistance in classifying this spectrum. The luminosity 
classification is uncertain because of possible ¢ Aurigae effect. 
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line is of the same order of magnitude as the rotational velocity of the B star, and the 
line is present before as well as after mid-eclipse. Perhaps Pearce used this line when he 
classified the secondary star as A3. We conclude that we are observing the ¢ Aurigae 
effect in TX Majoris, in which the sharp Ca 1 K line has its origin in the outer regions of 
the rotating F star. 
TABLE 5 
RADIAL VELOCITIES OF Ca 11 K AND THE B8 STAR 























| 

Ka/SEc | Ka/Sec 
PLATE PHASE -| PLATE PHASE |— sina = 147 
Cau K | BB Star | Cau K B8 Star 
CON SEES ot cheese 2.976 | +12.6 | + 4.1 || CQ 3345...........] 0.077 | —58.2 | —53.5 
Mo sich cases 2.998 | + 8.7 | +16.2 | 3346...........| 0.096 | —68.7 | —62.6 
be Ones a 3.004 | + 0.1] — 9.0] SSET 6c sive nel Qa SEZ. —68.9 
Seo. ee 0.052 | —31.1 | —56.5 , ek eee 0.128 | —47.0 | —68.8 


























The photometric and radial-velocity data indicate that the F2 star has a diameter 
about twice that of the B8 component and that the latter has a diameter twice that of the 
sun. The rotational velocity of the B8 star is 

ob it 


V (rot) saree 31km/sec. 


If we assume synchronization of the periods of rotation and revolution and adopt the 
foregoing dimension, we find the equatorial velocity of the B8 star to be 33 km/sec—in 
only fair agreement with the observed rotational velocity, for the eclipse is partial 
(ao = 0.977) 17 

If our interpretation of the sharp Cam K line is correct, we have an observed value 
of the rotation of the F2 star. The observed rotational velocity is of the same order of 
magnitude as that of the B8 component. This is not anticipated if we assume that the 
two stars have equal periods of rotation, but the relative dimensions of an eclipsing 
binary with a partial eclipse are poorly determined, and the published dimensions may 
be greatly in error. 


I wish to thank Dr. O. Struve for obtaining 9 spectrograms during the latter part of 
July and Dr. Jorge Sahade for checking the least-squares solution. 


17C,. M. Huffer, Pub. A.A.S., 8, 244, 1936. 














THE SPECTROSCOPIC ORBIT OF SVS 923 HERCULIS* 


CaRLos U. CEscO AND JORGE SAHADE 
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ABSTRACT 

The spectrographic elements of the eclipsing binary SVS 923 Herculis, vwiained from 48 spectro- 
grams, are: K = +82.6km/sec; e = 0.05; w = 37°; y = —16.0km/sec; asin i = 1,900,000 km; f(m) = 
0.10 ©. The star whose spectrum is the only one observed belongs to the main sequence and is of a type 
between B5 and B38. It is eclipsed at the principal minimum. 

The star BD+24°3552 (8.4 mag.) = HD 174714 (8.5 mag., Sp. B8) = RiiH 11771 
was discovered by Martinoff' in 1939 to be an eclipsing binary of the Algol type and was 
provisionally designated as SVS 923 Herculis. At the time of his announcement, Marti- 
noff published a light-curve with the following elements: 

Time of minimum = JD 2428771.361+1.63741.0 4 
Maximum = 8.15 mag. 
Principal minimum = 8.63 mag. 


Secondary minimum = 8.24 mag. 
D= 0.112 period 


The determination of the spectroscopic orbit of SVS 923 Herculis was undertaken be- 
cause of a statement made by Martinoff' that this star was well deserving of spectro- 
scopic observation. The spectrograms were obtained on Eastman 103a-0 emulsion with 


TABLE 1 
STAR LINES MEASURED FOR THE DETERMINATION OF RADIAL VELOCITIES 








“SS aoe are 3797 .90 eS See 3933 .66 |S ge eee 4143.76 
See eS Patra 3819.64 ete ae 3970.08 DE hie oracie ater d 4340 .47 
Bs ssc teste erent 3835 .39 (ED apa 4026.22 Oates wines 4387 .93 
| Se eae as 3889 .05 1:2, Ae ere ed 4101.74 ES ene eee 4471.51 





the Cassegrain quartz spectrograph of the 82-inch reflecting telescope of the McDonald 
Observatory, which gives a dispersion of 40 A/mm at \ 3393. Forty-eight spectrograms 
were obtained; many of these were taken by Dr. Struve and a few by Dr. Helen Steel. 
The observations were made during the months of February, March, May, August, Sep- 
tember, and October, 1944, with an exposure time of 30 minutes in fair seeing. The spec- 
trum of only one component is observed; this corresponds to a main-sequence star of a 
type between B5 and B8 (PI. III), according to the criteria indicated by Morgan, Kee- 
nan,and Kellman in their Aélas of Stellar Spectra. The spectrum does not show any notice- 
able change in the different phases. 

The lines measured for the determination of the radial velocities are listed in Table 1,” 
and the values obtained are given in Table 2. The plates indicated in Table 2 as ‘‘poor” 
were given one-half weight in the computation of the normal places. 


* Contributions from the McDonald Observatory, University of Texas, No. 104. 
1 Engelhardt Obs. Bull., No. 18, p. 38, 1939. 
2 It was possible to measure the line He 1 \ 4143.76 in very few of the spectrograms. 
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SPECTRUM OF SVS 923 HERCULIS TAKEN ON OCTOBER 5, 1944 
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TABLE 2 


RADIAL VELOCITIES OF SVS 923 HERCULIS 








| i i, | 




















ad Phase Number of e oT 
Plate Date | U.T. | Gn eat) wens V | O~C 
CQ 3901...... | 19440ct. 8 | 1:40 oo [ “H<) = 3 | Lee 
3836......1 Oct. 3 | 3:51 | 1.6 1 — 29.1 | 13.3} 
ae | March 12 | 12:06 0.016 1 — 27.0 | — 4.2} 
SHOT... Sept. 10 | 6:18 | 0.025 1 — 46.2 —20.4 
38... May 2 | 6:49 | 0.036 1 — 32.2 | - 2'8| 
3067 ...... Oct. 13 3:08 | 0.141 1 — 47.2 +13.3) 
Ere | May 15 | 11:05 | 0.142 1 — 62.4 — 1.6| 
4014...... | Oct. 18 | 1:37 | 0.165 | 1 — 66.1 + 0.4/ 
er Sept. 30 | 1:43 | 0.181 | 1 — 56.2 +14.0) 
ci: May 7 9:44 | 0.245 | 1 — 84 | — 1.7) 
et Oct. 5 | 1:33 | 0.262 —~746 | +10.7} 
ct! May 7 | 10:15 | 0.266 | 1 — 8.0 | -01) 
ee Feb. 20 12:52 | 0.335 1 — 895 | + 3.6 
pee | May 12 10:43 03-1. 4 - 98 | -—1.9 
Cee Oct. 10 | 2:12 | 0.377 2 —115.0 | —20.0 
,. ae | May 12 11:15 0.2%. b 1 | =e 1 eee 
Cee | Oct. 15 1:35 | 0.439 } J —-96 | —5.1) 
ae March 1 12:37 | 0.500 | 1 | -973 | -7.1f 
co May 14 6:31 | 0.561 1 | ty te 8.7| 
Ps May 14 6:55 | 0578 | 1 | -— 64.4 | 415.2! 
2990......| March 6 | 12:30 | 0.582 } 1 | = 65.7 | 413.3] 
CT May 9 10:07 | 0.624 1 | — 68.9 + 2.1} 
3885 | Ot 7? | 1:38 0.46. |- 1. |. —:3i6- |. eee 
3018 | Marchi1 | 11:29 | 0.628 i | —72 | —40] 
3086 | May 1 7:09 | 0.687 1 | —6.1 | 12.3) 
3146 May 6 7:19 0.782 | 2 | =—163 | 15.1) 
3795......| Sept. 24 | 3:03 a ae >. 54 — 6.9} 
4002......| Oct. 17 | 4:21 | 0.791 | 1 — 28.5 + 0.3) 
ae Feb. 14 | 13:00 0.390 | 1 | —- 65 | — 7.1) 
ee Oct. 4 | = 1:39 0.903 | 1 - 68 | 1.3 
3716......| Sept. 11 3:52 | 0.920 | 1 +64 1° +a 
018+... . | Feb. 19 12:39 | 0.963 | 1 + 41.7 +19.7| 
3038......| March 13 11:34 | 0.904 i + 13.1 —17.5) 
3038... 1 March 13 12:03 | 1.014 1 + 38.8 + 3.0) 
Cae May 3 6:55 | 1.040 1 +425 | +0.2} 
3062... ..1 Oct. 14 1:47 | 1.084 i | +aae 4 —11.2} 
/ ne Feb. 29 12:05 | 841 | 12 | “eee + 5.4) 
ae Feb. - 29 2a, | 14a 1 | “aes + 2.6} 
; Oct. 1 cee. oo 1 | + 74.6 + 7.9) 
3645......| Aug. 26 2:56 | 1.255 | 2 + 78.1 + 8.2 
3868......| Oct. 6 1:48 1.272 L |: eres | ee 
Lee May 8 10:30 | 1.277 2 | + 54.7 | —14.6/ 
ae May 8 11:11 1.305 1 | + 62.9 — 4.7) 
3006... | Oct. 11 1:29 | 1.347 1 | + 66.4 + 3.4) 
Pes | March 15 11:48 | 1.367 1 | + 65.6 + 5.7\ 
coe May 13 11:19 1.398 2 | +492 | —49 
pa | Feb. 26 12:38 1412 2 | ee +10.9} 
\ | Feb. 13 13:01 1.527 2 | + 16.6 — 2.6} 








* The groups indicated by the braces correspond to the normal places. 


t Poor plates. 
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In plotting the measurements, we have adopted the time of minimum and the period 
determined by Martinoff. The preliminary elements were obtained by applying the 
Wilsing-Russell method to twelve values read off at intervals of 30° from a provisional 
velocity-curve drawn in order to satisfy the plotted measurements. The results obtained 
are as follows: 


K = +82.2 km/sec T = Phase 1.451 
w = 48.5° y = —15.3 km/sec 
e = 0.035 
As e was quite small, the final elements were derived from a least-squares solution, 
applying Sterne’s method for a nearly circular orbit.* They are shown in Table 3. The 
TABLE 3 


ORBITAL ELEMENTS AND PROBABLE ERRORS OF SVS 923 HERCULIS 





P = 1.637416 days (assumed) vy = —16.0+1.1 km/sec 
K = +82.6+1.4 km/sec a sinz = 1,900,000 km 
w = 37°+19° m3 sin? i 
+ My $ a ( 
e = 0.05+0.02 (m + m2)? 0.06 


To = Phase 1.234+0.005 day 


value of 7 obtained (the time at which the mean longitude w + M is zero) gives for T 
phase 1.40 + 0.09. . 

The time of principal mid-eclipse, determined from the elements of the velocity-curve 
by the condition v + w = 90°, is phase —0.01, a value that agrees with Martinoff’s 
light-elements. 














} ! ! } 
! nl { nl n } i 





06 8 10 12 4 days 


Fic. 1.—Velocity-curve of SVS 923 Herculis 


The velocity-curve is shown in Figure 1. It indicates that the star whose spectrum we 
observed is eclipsed during the principal minimum. 

We decided not to derive any conclusion from Martinoff’s light-curve because Hiltner 
has already started a series of new photometric observations at the Yerkes Observatory. 

We are grateful to Drs. Struve and Steel for obtaining a number of the spectrograms. 


3 Proc. Nat. Acad., 27, 179, 1941. 
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M. WALDMEIER’S WORK ON THE CORONA 


1. Introduction.—A comprehensive program of coronal observations was initiated in 
1938 by M. Waldmeier, of the Ziirich Observatory. Waldmeier’s results are given in a 
series of papers! published since 1939 in the Zeitschrift fiir Astrophysik. Since the papers 
are not generally available in this country, the present review of some of those which 
have recently been received by the Committee for the Distribution of Astronomical 
Literature is published with the object of summarizing certain of Waldmeier’s impor- 
tant results. 

All but one of the papers to be reviewed concern observations made at the corona- 
graph which Waldmeier designed and constructed in 1938 with the assistance of B. Lyot. 
The instrument is installed at Arosa, Switzerland, at an altitude of 2050 m. The optical 
train of the Arosa coronagraph is schematically represented in Figure 4, e. The objec- 
tive, by Couder, is designated by Oj; it is plano-convex, 12 cm in diameter, and 150 cm 
in focal length. S is a round, plane mirror in the focal plane of the objective, with a di- 
ameter about 0.3 mm, or 40”, greater than that of the sun’s image; it reflects the photo- 
spheric light out of the tube at F. The 11-cm aperture B reduces the diffraction of light 
at the edge of the objective. Light scattered by the objective is focused by O2 in the 
plane of the aperture J; diffraction at B causes this image to be brightest at the edge, 
where the light is stopped by J. O; is an achromatic doublet of 35-mm diameter and 
114-mm focal length; it reproduces the coronal image to scale in the focal plane £. 

In the (detachable) spectrograph, K is the collimator, P; and P2 are totally reflecting 
prisms, and O, is the telescope objective. Three sets of dispersing prisms are available. 
One set, of three prisms, transmits the green line \ 5303 undeviated and is usable be- 
tween \ 4800 and \ 6000; it gives a dispersion of 27 A/mm at \ 5303 in the focal plane 
of Oy. A second set of three prisms transmits \ 6500 undeviated and gives a dispersion 
of 68 A/mm at \ 6374. The third set comprises a single prism which gives a dispersion of 
only 230 A/mm and permits the whole visible spectrum to be viewed. The camera lens 
magnifies three times, so that, with the first prism set, the dispersion on the plate is 
9 A/mm at \ 5303. The solar image is 45 mm in diameter. The eyepiece E is used as an 
aid in focusing; during an exposure the totally reflecting prism P; is withdrawn. 

Figure 1, a, shows the coronagraph with spectroscope attached. Properly to eliminate 
the photospheric light, the coronagraph axis must always be directed at the center of 
the sun. The slit is brought to any point of the focal plane by rotation of the spectrograph 
around the axis of the coronagraph, together with radial movement of the spectrograph 
relative to the axis of the coronagraph. The orientation of the slit is effected by rotating 
the spectrograph around the axis of the collimator. The slit itself is 15 mm long, and its 
width is adjustable to + 0.002 mm. The slit jaws reflect the coronal image to the guiding 
eyepiece shown on the left; the guiding must be very accurate to prevent the photo- 
spheric light from striking the plate. 

The coronagraph requires fine skies. During the winter of 1938-1939, 40 out of 100 
days were usable in part, the average usable period being 1.4 hours daily. During about 
half of this time, “‘second-class conditions” are said to have prevailed, meaning that 
the brightness of the sky next the limb was less than 40 X 10~* times the brightness 
of the photosphere. In such conditions all prominences are visible, as are also the brighter 
coronal lines, and even the weaker lines can be photographed. During the entire 100-day 


‘Zs. f. Ap., 19, 21, 1939; 20, 246, 323, 1941; 21, 85, 1941; 21, 109, 120, 181, 275, 1942; 22, 1, 18, 1942. 
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Fic. 1.—(a) The Arosa coronagraph with spectroscope attached. (b) The coronal line \ 5303 in a 
C-region on October 3, 1940. (c) Spectrocoronagram of east limb of sun, A 5303, 7:35 U.T., March 24, 
1942. (d) \ 5303 on September 21, 1941; left, position angle 110° at 9:09 U.T.; right, position angle 286° at 
8:59 U.T. (e) Structure of the corona near position angle 286° in monochromatic light of \ 5303. Sketched 
at the Spektrokoronaskop, 6:25 U.T., September 21, 1941. Instrument not described. 
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period, there were only about 5 hours of “‘first-class conditions” (brightness of sky 
<10 X 10-* ©); then, all features of the innermost corona are visible and can be 
photographed. 

2. Photometry of the inner corona in white light—Most plates taken at total eclipse 
are badly overexposed in the region of the inner corona, and on many plates the limb of 
the moon obscures much of this region. For these reasons, among others, there has been 
accomplished little reliable photometry of that part of the corona which lies at a dis- 
tance, A, of less than 3’ from the limb of the sun. 

To obtain the isophotes in this region, Waldmeier has used a plate secured by Walfer? 
15 seconds after the beginning of totality of the eclipse of August 30, 1905. Wolfer’s 
telescope was an 11-cm refractor, of 2.3-m focal length. Because he was unable to take a 
driving clock to the Algerian observing station, the exposure was only 0.1 second, and 
the photographic densities in the inner corona lie on the linear part of the characteristic 
curve. Since the edges of the plate and the area of the moon’s disk are very clear, the 
influence of terrestrially scattered light is probably slight. Moreover, since the entire 
radial extension of the coronal image is only about 7 mm and is near the axis, distance 
effects are unlikely. 

Using the Koch-Goos photoelectric photometer, Waldmeier has read the electrom- 
eter deflections at 432 places in the inner corona, 12 readings being taken at regular in- 
tervals along each of 36 radii, spaced 10° apart and starting from the polar radius. The 
plate contains no calibration; the electrometer deflections are calibrated by reference to 
a simultaneous determination by Schwarzschild,* from spectrograms, of the intensity 
gradient along two diameters. Figure 2, a, gives the isophotes which Waldmeier derives. 
The intensity at 4 = 10/15 is the arbitrary unit; the isophotes connect points of inten- 
sity 2, 5, 10, 20, 40, 50, 60, and 70, respectively. 

For the ellipticities of the isophotes, defined essentially as 


where r, and rp are the equatorial and polar radii, respectively, Waldmeier finds 0.047 
at the limb and somewhat smaller values as / increases. In the interval 1’ < h < 5’, the 
intensity appears to fall off nearly exponentially, the mean value of the gradient, a = 
—A log I/Ah, being about 0.23. There is some variation in a with position angle, the 
larger values occurring in the fainter regions, i.e., where the isophotes bend toward the 
limb, and the smaller values occurring along the rays, i.e., where the isophotes bend 
outward. On the average, a appears to reach a maximum near fk = 2’. 

At the epoch of this eclipse the spot zones were at about + 20° heliographic latitude. 
Figure 2, a, indicates intensity maxima near these zones. There appear to be secondary 
maxima between latitudes 50° and 60°. At a given distance from the limb the ratio of 
the intensity at the spot zones to the intensity at the equator is about 1.2; the intensity 
ratio, spot zones : poles, is about 2. 

3. Intensity distribution of the coronal emission at the limb of the sun.—The strongest 
emission line in the coronal spectrum is \ 5303.86; according to Edlén,‘ it is produced 
by the forbidden transition *P{,, — ?P°, within the ground configuration 3s*3p of Fe xrv. 
In order to obtain the isophotes of a portion of the corona in the monochromatic light 
of this line, Waldmeier employed the Arosa coronagraph to secure 10 spectrograms off 
the west limb of the sun on March 9, 1942; 7 off the east limb on March 24, 1942; and 
6 more off the east limb on the following day. The exposure was 7 minutes for each plate. 


2 Astr. Mitt. Ziirich, No. 97, p. 236, 1906. 
3 A str. Mitt. Gottingen, No. 13, 1906. 


4 Arkiv f. Mat., Astr. och Fys., B, 28, No. 1, 1941; Zs. f. Ap., 22, 30, 1942. See also P. Swings, Ap. J. 
98, 116, 1943. 










Fic. 2.—(a) Isophotes in the coronal continuum on August 30, 1905. (6) Corona-contour in the light 
of \ 5303. (c) Corona-contour in the light of \ 6374. 





























Fic. 3.—(a) Monochromatic corona-isophotes in the light of \ 5303; top, March 9; middle, March 
24; bottom, March 25, 1942. (b) Contours of \ 5303 and \ 5302. (c) Variation in intensity of continuum 
alongside X 5303. 
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All the plates were exposed with the slit bisected by and perpendicular to the equatorial 
radius of the limb. The first 4 plates were secured with the slit at 4 = 0/62; in order to 
provide a calibration of all subsequent plates, they were exposed through graduated 
gray filters of known transmission characteristics. Between subsequent plates the slit 
was moved outward from the limb in increments averaging about 0/5. 

At about five points along \ 5303 on each plate, a tracing was made across the line, 
all the points selected lying within 4'1 of the limb. Each tracing was then calibrated to 
give an intensity-curve A, as shown in Figure 3, b, above a base line B of zero intensity. 
On a few plates, densities occurred which were greater than any on the densest calibra- 
tion plate, so that a slight extrapolation of the calibration-curve was necessary. Before 
the total intensity of the emission line could be ascertained, it was necessary to find the 
contour of the Fraunhofer line \ 5302.32 of Fe 1, which does not appear over the coronal 
continuum but is evident in the photospheric light scattered by the earth’s atmosphere. 
Once the position of the line C of zero intensity of the terrestrially scattered light 7, was 
found, it was possible to sketch the Fraunhofer line by reference to the Utrecht atlas 
and with consideration for the instrumental broadening. 

To discover the relative contributions of the coronal continuum and the scattered 
photospheric continuum, Waldmeier then made a tracing of the continuum alongside 
the emission line on the outermost plate for each of the three observing days. After cor- 
rection for a slight convergence of the slit jaws, each of the three tracings, when cali- 
brated, looked like Figure 3, c. Let the measured intensity at x = 0 be Y; and at +, 
VY; also, let 7,(«) be the intensity of the scattered light at x, and 7; and 72 the intensities 
of the coronal continuum at « = 0 and +42, respectively. Then 


i -tw 
fo Fe~iettae) 





Now, as / increases, J,(0) and J,( +2) must decrease toward a common minimal value 
Fy ’ ? . . . . 
T;", so that, at great distances from the limb, we have the approximation 
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On the other hand, the maximum values of J, compatible with the measurements are 


Iy’*(0) = Y;, Ip *(+%3) = ¥;. 
Moreover, it is known that the intensity 7, of the coronal continuum falls off with in- 
creasing 4 much more rapidly than 7,. Consequently, 7, must simultaneously approach 
I" and I“ as h increases, so that J," and J; must converge at large distances from 
the limb. Waldmeier therefore takes 7, as the.mean of J" and J™** on the outermost 
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The circular arc through these three points, shown in dashes in Figure 3, c, was then 
taken as the run of J, along the line, and the difference Y — /, was taken as J... 
In a critical discussion of the intensity measures of a large number of investigators, 
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Baumbach’ has shown that the intensity 7 of the coronal continuum can be well repre- 
sented by the empirical expression 
_ 0.0532 , 1.425 , 2.565 


i (p) ate + 7 + oa (1<p<10), 





where p is the projected distance from the sun’s center in solar radii, and where the unit 
of intensity is 10— times the intensity at the center of the sun’s disk. Waldmeier has used 
this relation to find J, on all but the three outermost plates. The difference Y — J, was 
then taken as 7;, and the Fraunhofer line was drawn in as described above. Next, the 
shaded area was measured with a planimeter, and the area, in arbitrary units, was taken 
as the total intensity of the emission line. By this method the total intensity was found at 
76 points in all. Through the points on each plate, and with consideration for the appearance 
of the line, the intensity distribution along the line was sketched. These drawings were 
converted to graphs of the intensity distribution along radii separated by 2° of position 
angle, and from these graphs the isophotes were constructed. The isophotes are shown 
in Figure 3, a. 

The dashed arc represents the limb of the sun; the full arc, the limb of the “artificial 
moon.” The vertical line lies in the plane of the sun’s equator; the angular co-ordinates 
are position angles counted from north. The indicated intensity scale is arbitrary, one 
unit corresponding to an equivalent width of the order of 4 X 10~* A in the photospheric 
continuum at the center of the sun’s disk. The isophotes are seen to approach the limb 
quite sharply with increasing latitude, indicating a considerably greater ellipticity than 
in the corresponding isophotes for the coronal continuum. All three maps exhibit a 
pronounced equatorial minimum, and maxima near latitudes + 10°, which are those of 
the spot zones. Certain secondary maxima are also indicated. Waldmeier designates the 
maxima “rays” (Koronastrahlen). Near the limb, the isophotes are seen to be much more 
irregular than those in white light. 

From the isophotes Waldmeier has found the radial intensity gradient a at a number 
of position angles. Along each radius, the gradient is very nearly constant, with some 
indication of a maximum near / = 2’. The average gradient exceeds by about 50 per 
cent the average gradient of the continuum in the same region; along the rays the gra- 
dient is approximately 30 per cent greater than the average. 

Within a few hours of the exposure of the plates used for this investigation, Wald- 
meier, on each of the three days, made a visual survey of the brightness of the green 
line \ 5303 around the limb. With the slit 40” from the limb and parallel to the tangent, 
the brightness of \ 5303 was estimated on a scale of 0-50 at 5° intervals in position angle. 
A complete survey (72 settings) of this kind takes Waldmeier less than 20 minutes. He 
mentions that the green line, at the brightest places, is so strong that the room need not 
be darkened, or the eye shaded, to see it even through thin clouds! Figure 4, a, exhibits 
the good agreement of these visual surveys with the photographic results. J are the 
measured intensities, as derived from Figure 3, a, and S are the estimated intensities. 

Waldmeier has completed a large number of these visual surveys. He commonly pub- 
lishes his results in the form of a polar diagram like that in Figure 2, b, where the esti- 
mated intensities are plotted radially with respect to position angle. Such a diagram he 
calls a ‘“‘corona-contour.” Incidentally, the observations for the contour of Figure 2, 6, 
were made at a time when the sun was totally eclipsed in another part of the world. 
Conspicuous prominences are usually indicated, as is the position of the sun’s axis. 
These corona-contours usually exhibit the equatorial minima and the principal maxima 
at or near the spot zones. Occasionally, however, some of these typical features may be 
missing. More often than not, secondary maxima are observed near latitudes + 60°, and 
additional maxima are frequently found. The contours do not change rapidly; features 


6 4.N., 263, 121, 1937. 
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Fic. 4.—(a) Measured (J) and estimated (S) intensities of A 5303 along the sun’s limb. Top, March 9; 
middle, March 24; bottom, March 25, 1942. (b) Latitude distribution of intensity of \ 5303. (c) Latitude 
distribution of rays in \ 5303. (d) Observed intensity distribution in red wing of 5303 at different dis- 
ae _ the sun’s limb. (e) Optical system (schematic) of the Arosa coronagraph with spectrograph 
attached. 
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observed in the morning are usually still present in the afternoon and may persist for 
several days. Figure 1, c, clearly illustrates the pronounced zonal structure which char- 
acterizes the inner corona in the light of the green line. On this spectrocoronagram, the 
equator is parallel to the dispersion; the spectra are separated by 0/3. The equatorial 
minimum is most pronounced. 

The second-strongest emission line in the coronal spectrum is \ 6374, which Edlén 
identifies with the forbidden transition *P?, — *P{,, in the ground configuration 3s*3p* 
of Fe x. Contours in the light of this red line commonly exhibit most of the features of 
the green contours. Thus, the red contour in Figure 2, c, is characterized by the equatori- 
al minima, maxima over the spot zones, etc. The red line is typically about one-tenth as 
strong as the green, but occasional large deviations from this ratio are observed. For 
example, while the green contour in Figure 2, 6, exhibits a minimum near position angle 
260°, the red contour in Figure 2, c, obtained only a half-hour later, exhibits a strong 
maximum there. Waldmeier calls this a ‘‘red region,”’ and places where the green line is 
relatively enhanced are called “‘green regions.” In comparing the two contours one 
might note that the red line is faintly visible at the north pole; more often than the green 
line, the red can occasionally be seen throughout the polar region. 

When several contours are averaged together, the transient rays are smoothed out in 
the averaging, and the result is a fairly smooth contour, symmetrical about the equator 
and axis but usually exhibiting the equatorial minimum, the primary maxima at the spot 
zones, and the secondary maxima near + 60°. In Figure 4, 6, the abscissa is the helio- 
graphic latitude, and the ordinate for each curve is the intensity of \ 5303 averaged over 
about 10 contours observed near the epoch indicated at the right. There is some indica- 
tion that the primary maximum is moving toward the equator with the spot zones. 

Figure 4, c, gives the latitude distribution of all the rays observed in \ 5303 during 
28 months beginning in January, 1939. The principal and secondary maxima are especial- 
ly marked. In the lower graph, where only the most intense rays are considered, the 
concentration toward the spot zones is most conspicuous. 

By way of comparison with the figures pertaining to the continuum, Waldmeier notes 
that in the light of the green line the intensity ratio, spot zones : equator, is about 2; 
the ratio, spot zones : poles, is at least 20. 

4. Red regions, green regions, and C-regions.—It would seem to be well established 
that the regions of greatest coronal activity are the spot zones. Waldmeier has inquired 
whether the rays in these zones can be associated with individual spots or with other 
photospheric or chromospheric phenomena. The problem is complicated by the fact 
that the corona can be observed only at the limb, of course, where other features are 
usually invisible. 

In Figure 5, a, the heliographic maps of the corona are based on corona-contours ob- 
served by Waldmeier at the epochs indicated along the time scale at the bottom. The 
maps span the longitude range that was carried by the sun’s rotation past the. west 
limb during the period January 7-14, 1941. The map on the left depicts the intensity 
distribution in the light of the green line; the one on the right, the red. On each of the 
corona maps, the clear areas are those where the line was invisible; the light shading 
marks areas where the intensity lay between 1 and 15; the heavier shading, areas of in- 
tensity 16-30; crosshatching, intensities 31-45; and black, intensities 45-50. The middle 
map depicts the photosphere in the same longitude span and during the same period; it 
is an adaptation of the photosphere map regularly published at Ziirich.* The shaded 
areas represent facula groups; the black areas, spot groups. 

Comparison of each of the corona maps with that of the photosphere again discloses 
that the coronal emission is generally most intense over the spot zones. Moreover, each 
individual spot underlies a region of maximum coronal intensity. However, some of the 
brightest regions lie over unspotted areas: notably, the secondary maxima near + 60°, 


6 “Heliographische Ubersichtskarten der Flecken- und Fackelherde,” Publ. Eidgen. Sternwarte Ziirich. 
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Fic. 5.—(a) Heliographic maps of the photosphere (center) and the corona in 5303 (/eft) and in 
\ 6374 (right). (b) Full curve: total intensity of \ 5303 at different distances from the sun’s limb; dashed 
curve: ratio of total intensity of \ 5303 to brightness of continuum according to Baumbach. 
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where the photosphere manifests no disturbance whatever. In interpreting the maps it 
must be remembered that interpolation between the epochs of coronal observation has 
been necessary. Waldmeier suggests that international co-operation among observers 
could eliminate the lacunae. 

Comparison of the two corona maps reveals regions where one of the lines is abnormal- 
ly strong relative to the other. Thus, there is a green region at 5°, —55°, and a red region 
at 310°, +55°. Waldmeier has also compared such corona maps with the chromosphere 
maps published at Paris-Meudon.’ He finds that there is a strong positive correlation 
between the more intense chromospheric faculae and the coronal maxima, and a strong 
negative correlation between the filaments and the coronal maxima. These relations re- 
flect the well-known circumstance that the same correlations exist between the brighter 
chromospheric faculae, the filaments, and the spots. Like the photosphere, the chro- 
mosphere exhibits no disturbance under the secondary maxima of coronal activity 
near + 60°. 

Occasionally, Waldmeier observes regions where the green line is abnormally strong. 
Figure 1, d, shows, on the left, the normal appearance of the green line when the slit lies 
along the radius. The spectrogram on the right, taken at about the same time but at a 
different position angle, shows the line abnormally strong near the limb and the intensity 
gradient abnormally steep. One of the most puzzling features of this spectrogram is the 
sharp central absorption: a forbidden line cannot appear in absorption. Perhaps the 
central absorption could be an instrumental or photographic effect? 

Waldmeier calls regions of abnormally strong line emission the ‘‘C-regions.” Figure 
1, b, shows \ 5303 in a C-region; here the slit lies parallel to the tangent. The central 
absorption is again apparent. In the papers available here, Waldmeier gives no tracings 
of lines in the C-regions, but he states that the width is about 3 A and that the central 
absorption is approximately 0.4 A wide. 

Between February, 1939, and March, 1940, Waldmeier observed 15 C-regions in all. 
They are rather long lived: one region was distinguishable on three successive days, 
another persisted throughout one rotation. Apparently without exception, they occur 
in the spot zones. They commonly extend about 20° in longitude and 3°-6° in latitude— 
about the dimensions of a large spot group. Approximately 20 per cent of the C-regions 
observed appeared to be associated with large, active spot groups. More often than not, 
however, the C-regions appear over parts of the photosphere which manifest no dis- 
turbance. 

Waldmeier noticed that the two most intense C-regions observed at the east limb 
during the 3 months beginning in February, 1939, were both followed almost exactly 8 
days later by the most intense magnetic storms of the quarter-year, both storms being 
marked by brilliant auroras. In neither case were unusual spot groups apparent. 

Figure 6 illustrates the magnetic effects associated with the 15 C-regions observed 
in 1939-1940. The ordinate is an arbitrary index of terrestrial magnetic activity. It is 
apparent that the magnetic activity was near maximum about 8 days after the observa- 
tion of at least 4 of the 7 C-regions seen at the east limb. The mean of the 7 curves, at 
the bottom, indicates the same effect. On the right, the mean of the 8 curves for C-regions 
observed at the west limb exhibits a maximum between 6 and 7 days before the C-regions 
reached the west limb. From the mean curves Waldmeier concludes that magnetic dis- 
turbances occur approximately 7.4 days after a C-region is at the east limb, and about 
6.2 days before one is at the west limb. Since one-quarter of the solar period is 6.8 days, 
this leaves 0.6 day for the transit time of the indicated corpuscular emission. 

Waldmeier concludes that of the 15 C-regions observed, 10 are associated with mag- 
netic disturbances. He uses this ratio, 10:15, to derive 24 days as the approximate 
mean lifetime of a C-region. Because the corona cannot yet be observed daily, it is not 
possible to find what proportion of all intense magnetic storms are associated with C- 


7 “Cartes synoptique des couches supérieures de l’atmosphére solaire,” Ann. Obs. Paris-Meudon. 

















128 RECENT PROGRESS IN ASTROPHYSICS 
regions. However, of the 20 most intense storms during the 21 months beginning in 
January, 1939, 10 occurred at times such that the associated C-regions might have been 
observed. Of these 10 C-regions, 7 were in fact observed. This result is in close agree- 
ment with the two-thirds ratio derived above. 

It is well known that most magnetic disturbances tend to repeat themselves at 27- 
day intervals, and that terrestrial magnetic activity is characterized by an 11-year pe- 
riod. These facts have led to the hypothesis that the sun is directly responsible for the 
magnetic disturbances. However, the identification of the regions responsible for the 
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Fic. 6.—Magnetic effects of C-regions 


magnetic effects has been difficult. Thus, for example, the responsible regions seem to 
be generally indifferent to the spots themselves. Only the most intense magnetic storms 
usually appear to be directly associated with spots, and many of these with short-lived 
chromospheric eruptions above active spots. Ordinarily, these intense storms do not 
recur after the sun has completed one rotation. In some cases, however, an intense storm 
apparently associated with an eruption will recur after 27 days, although the eruption 
itself is long since dissipated. 

Waldmeier proposes that the C-regions are to be identified with the areas of the sun 
responsible for the magnetic disturbances. “Different narrowly limited regions of the 
solar surface emit a corpuscular radiation over quite a long period,” he suggests. 


These so-called C-regions always lie in the spot zones, but usually in spot-free regions. ‘The 
corpuscular radiation vanishes with the appearance of photospheric disturbances, possibly 
















g in 
een 
Tee- 


 27- 
 pe- 
the 

the 


n to 
rms 
ved 
not 
orm 
tion 


sun 
the 


The 








RECENT PROGRESS IN ASTROPHYSICS 129 


through the action of the magnetic field associated with spots. However, in large and quickly 
developing spot groups, possibly through rapid variations of the magnetic field-strength, chro- 
mospheric eruptions appear, which in turn lead to the emission of corpuscular streams through 
some mechanism as yet unknown.® 


It is not clear to me whether Waldmeier proposes that these corpuscular emissions 
actually originate in the corona. More appealing, I think, is the view that they originate 
at greater depths, and that the C-regions are to be understood as indications of the effect 
of the corpuscles on the coronal matter. This interpretation suggests that high-speed 
ions ejected from the lower layers might somehow produce the coronal excitation. Thus, 
a proton which travels from sun to earth in half a day will have an average speed 1 per 
cent the speed of light and a kinetic energy of the order of 60,000 ev. 

Incidentally, regions in which the other coronal lines are abnormally strong do not all 
behave the same as the C-regions. For example, \ 5694, which normally is less than 5 per 
cent of the intensity of the green line, becomes strong only over active spot groups. 
Waldmeier notes one case where, over a very large active spot group surmounted by 
prominences, \ 5694 was three times as strong as the green line! This line is tentatively 
identified by Edlén as due to Ca xv, which has the highest ionization potential of all 
the ions found in the corona—more than double the ionization potential of Fe x1v, for 
example. 

5. Contours of \ 5303.—For a discussion of the contours of the green line at different 
distances from the limb, Waldmeier secured 7 spectrograms on July 10, 1940. The slit 
was oriented in the direction of the tangent to the limb at position angle 260°, where 
there was a coronal ray. The first plate was exposed with the slit 51” from the limb, and 
between subsequent plates the slit was moved outward from the limb in increments 
of 28’’. For purposes of calibration, 7 additional plates were secured with the slit 
51” from the limb. These plates were taken through gray filters of known transmis- 
sion characteristics. The density-curve at the center of \ 5303 was then found from 
tracings of these 7 plates. The photometer slit was 0.012 mm wide, corresponding to 
0.11 A on the plates, and 1 mm long. On all plates, only the red half of the line was 
traced, in order to avoid the blend with the Fraunhofer line \ 5302. 

After correction was made for differential extinction and for the effect of the scat- 
tered continuous light, the contours shown in Figure 4, d, were obtained. The intensities 
are given in arbitrary units; curve No. 1 refers to the plate exposed with the slit 51” from 
the limb; curve No. 7 to that with the slit 3’38” from the limb. The contours were meas- 
ured with a planimeter, and the areas were expressed in units of the area of a strip of unit 
intensity 1 A in width. The resulting total intensities are given in Figure 5, 6, along with 
the ratio of these intensities to the intensities of the coronal continuum according to 
Baumbach’s relation. The ratio has been taken as unity at 4 = 51”. It appears here that 
the emission gains strength relative to the continuum out to about 4 = 2’ and thereafter 
falls sharply. At the greatest distance investigated, the emission has not yet become pro- 
portional to the continuum, although there is some indication that the two gradients 
converge at greater distances. In any case, the gradient found here for \ 5303 refers to 
aray, and it is therefore steeper than the average gradient for the green line. 

Waldmeier finds that the total intensity is proportional to p~*!-* over the interval 
investigated. By the argument given in Unsdld’s book,® this leads to a source function, 


F, given by F(r)« 1-2-4 , 


where r is the distance from the center of the sun in solar radii. Since the source function 
is proportional to the specific intensity averaged over all directions, J, we have 
F(r) =a(r)-J(r), 
8 Zs. f. Ap., 21, 284, 1942. 
* Physik der Sternatmos pharen, pp. 439-442, Berlin: J. Springer, 1938. 
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where a is the volume coefficient of emission; and since ¢@ itself it proportional to the 
density D of the emitting material, we then have 

F(r 
D(r)« = . 

J(r) 


However, J is very nearly constant in the interval considered (1.05 < r < 1.23); so 
Waldmeier takes the density proportional to the source function alone and writes 


D a e~a(r—-1) = 
where 
aie aR, 
r—1 
By way of comparison, the density gradient a in an isothermal atmosphere of tempera- 
ture 7 = 4800° (the boundary temperature of the sun) and mean molecular weight 
i = 1, is 
ig ” 
== 0 
a= pr 4770, 


where g is the acceleration of gravity at the solar surface and R is the gas constant. 
The coronal density gradient is seen to be less than one two-hundredth as steep. 

The contours themselves are evidently characteristic of Doppler effect. After correc- 
tion for instrumental broadening—Waldmeier finds the instrumental half-width to be 
0.44 A—the true half-width of the line is found to decrease from 0.54 A at h = 51” to 
0.28 A at 3’38’. Waldmeier estimates the probable error of his half-widths as about 
+0.06 A. The modal velocities & corresponding to the measured half-widths run from 
37 to 19 km/sec. Using the relation 

p= Bb 
2Ri’ 


Waldmeier derives the kinetic temperature T corresponding to the average value of £5, 
or 27 km/sec. Since only Fe x to Fe xiv appear to be abundant, he takes @ = 5. The re- 
sult is T = 219,000°, which is, in fact, of the same order of magnitude as the tempera- 
ture indicated by the ionization equation. 

From the last two equations it follows that 


2g 
4=—. 
& 


McCrea’® has shown that this expression is valid in a turbulent atmosphere if £& is the 
actual modal velocity, i.e., the mode taken without discrimination between thermal and 
turbulent velocities. Using this relation with £ = 28 km/sec, Waldmeier derives 
a = 8.52, which seems to agree rather well with the observed gradient, a = 21.0, when 
it is kept in mind that the latter value refers to a ray and is therefore likely to be two or 
three times the average gradient. However, I am unable to reproduce his result for the 
calculated value of a; with & = 28 km/sec, I find a = 486 instead of 8.52. This value is 
less discordant than that for an isothermal atmosphere at 4800°, but it is still very much 


larger than the observed gradient. 
ARMIN J. DEUTSCH 


YERKES OBSERVATORY 
September 22, 1944 


10 M.N., 89, 718, 1929. 
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NOTES 


A PROPOSAL FOR THE CLASSIFICATION OF 
WHITE-DWARF SPECTRA 


It has been recognized for some time that the spectra of white dwarfs differ sufficiently 
from those of normal stars to render impossible their accurate description by the letters 
and symbols of the ordinary spectral sequence. The most detailed proposal for a new sys- 
tem of classification is that of Kuiper,’ who suggests that the spectrum of the typical 
white dwarf resembling o. Eridani B be denoted by wA, and those of cooler stars by wF, 
wG, etc. Stars whose spectra show virtually no lines are described by “con.” 

It seems to the present writer that such a method is not only redundant but even il- 
logical. Surely, when the spectrum of a white dwarf resembles that of a class A star, it is 
unnecessary to add the letter ‘‘w”’ to indicate that the star is white—the “‘A” shows that. 
And if a star such as L 97-12 with an absolute magnitude of 16.2 and a color index of +0.4 
should turn out to have a spectrum resembling that of class G, it would be illogical to rep- 
resent its spectral class by wG, for such a Star is not white; it has virtually the same color 
as a Class G dwarf. The characteristic difference between the white dwarfs and typical 
main-sequence stars whom they resemble somewhat in spectrum is not that the white 
dwarfs are whiter but that they are much more extreme dwarfs. 

The spectra of main-sequence stars are distinguished from those on the giant branch 
by the prefix “‘d,’’ and, logically extending this line of thought, the present writer would 
like to suggest the use of the letter ““D” to describe the spectra of all white dwarfs. In ad- 
dition, this letter has the advantage of being also the initial letter of “degenerate,” thus 
indicating the physical constitution of the stars as well. 

Stars whose spectra are virtually continuous could then be described by DC, followed 
by a two-digit number indicating the estimated surface temperature, in thousands of de- 
grees K, as DC 04 for W 489. The typical o2 Eridani B white dwarf would become DA; 
and those of lower surface temperature would simply follow with DF, DG, etc., perhaps 
all the way to DM. 

W. J. LuyTen 

UNIVERSITY OF MINNESOTA 

November 20, 1944 


1 Pub. A.S.P., 53, 248, 1941. 


REVIEWS 


A Treatise on the Theory of Bessel Functions. By G. N. Watson. 2d ed. Cambridge: At the Uni- 
versity Press; New York: Macmillan Co., 1944. Pp. viii+804. $15.00. 


Watson’s Bessel Functions has not been available for some time, and its reissue has come none * 


too soon. Since its first publication in 1922, it has become so much the standard book on the 


subject that for a great many applied mathematicians and theoretical physicists it would be hard | 


to imagine what they could have done without it. 


In addition to the more conventional matters relating to the Bessel functions, “Watson” in- 


cludes a great deal more which is not available elsewhere. As an example, we may mention Lom- 
mel’s studies on the Bessel functions, which do not find an adequate and systematic treatment 


in any other place. Of particular interest to the applied mathematician are the chapters dealing © 


3 


with the miscellaneous properties of Bessel functions (chap. v), the polynomials and functions 7 
associated with Bessel functions (chaps. ix and x), the addition theorems (chap. xi), and the com- 7 


pendium on the various types of integrals involving Bessel functions (chaps. xii—xiv). Of equal 7 


interest, also, are the chapters dealing with the Neumann, the Kapteyn, and the Fourier-Bessel 7 


series (chaps. xvi-—xviii). 


The book is a veritable mine of information; and, even for those who have used it for a good © 


many years, it always comes as a surprise to discover anew the wealth of material which is as- 9 


sembled here. The book is indispensable to all those who have occasion to use Bessel functions, 7 


S. CHANDRASEKHAR 
Yerkes Observatory 





